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Abstract: Advanced methods of analysis have shown
promise in providing economical building structures
through accurate evaluation of inelastic structural
response. One method of advanced analysis is the plastic
zone (distributed plasticity) method. Plastic zone analy-
sis often has been deemed impractical due to computa-
tional expense. The purpose of this article is to illus-
trate applications of plastic zone analysis on large steel
frames using advanced computational methods. To this end,
a plastic zone analysis algorithm capable of using paral-
lel processing and vector computation is discussed. Appli-
cable measures for evaluating program speedup and effi-
ciency on a Cray Y-MP C90 multiprocessor supercom-
puter are described. Program performance (speedup and
efficiency) for parallel and vector processing is evalu-
ated. Nonlinear response including postcritical branches of
three large-scale fully restrained and partially restrained
steel frameworks is computed using the proposed method.
The results of the study indicate that advanced analy-
sis of practical steel frames can be accomplished using
plastic zone analysis methods and alternate computational
strategies.

1 INTRODUCTION

The two analytical methods commonly used by researchers
for the inelastic analysis of structural steel frameworks are
plastic hinge models and distributed plasticity (plastic zone)
models. The basic difference between these two approaches
lies in the manner that yielding within members is mod-
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eled. In the (simple) plastic hinge technique, the member
(commonly a single finite element) is assumed to remain
fully elastic between its ends, and it is often assumed that
full (abrupt) plastification occurs at some level of incremen-
tally applied load. Once cross-sectional yielding has been
detected, an analytical hinge (moment-free) is placed at the
yielded end(s). Yielding is often defined as the combination
of moment and axial forces lying on a user-defined yield
surface.44 In the distributed plasticity (plastic zone) method
of analysis, the cross section of the member (finite ele-
ment) most often is broken down into fibers to model yield-
ing penetration within the cross section, while many finite
elements are used along each frame member’s length to
simulate along-the-length yielding. In general, it has been
recognized that distributed plasticity analysis is the most
accurate means with which to analytically predict frame
strength (short of a complete-shell finite-element model
of the entire building structure). Therefore, the distributed
plasticity model often has been chosen to benchmark other
analytical techniques.55,57

Recently, an increased emphasis on the development
of advanced frame-analysis methods has occurred. Excel-
lent discussions related to advanced analysis and advanced
analysis–based design procedures are available in the
literature.20,23,59 Advanced analysis can result in more eco-
nomical building structures through explicit consideration
of force redistribution within a structural framework.58 In
lieu of implementing member-by-member design proce-
dures using specifications and linear elastic design analysis,
advanced analysis–based design relies on advanced analyti-
cal models that include the same physical behavior assumed
in the development of the member strength checks con-
tained in specifications.16 The requirements for an advanced
design analysis procedure can be quite demanding. In
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general, an advanced analysis must satisfy the following
criteria52:

1. It must consider the presence of residual stresses
within the members.

2. It must accurately assess overall framework strength.
3. It must consider framework imperfections (out-of-

plumb stories) and member imperfections (out of
straightness).

Simple plastic hinge–based analytical models generally
do not satisfy the requirements of advanced analysis. Dis-
tributed plasticity analysis, on the other hand, is considered
to satisfy advanced analysis requirements, albeit the mod-
eling of frame out of plumb and member out of straight-
ness must be done through modified nodal locations in the
typical matrix structural analysis technique.

Although distributed plasticity models for inelastic anal-
ysis have been present in the literature since the early
1970s,1,17,21,22,38,43,56 their widespread use in large-scale
structural engineering problems has been limited. At the
time of its initial implementation, plastic zone analy-
sis required computational resources that simply were
not available. As a result, a large number of research
efforts have been undertaken to develop modifications
to the simple plastic hinge methods of analysis to
improve their accuracy to the level needed to qualify as
advanced analysis.19,37,41,42 As computational power began
to increase, plastic zone and plastic hinge methods of anal-
ysis began to be reconsidered as a design tool.62,64,65 In
these studies, however, the plastic zone implementation was
relegated to small structures and was considered a bench-
mark for plastic hinge–based analysis using yield-surface
models. Recently, interest in plastic zone analysis of three-
dimensional frameworks has been rekindled.54 However,
as in previous studies, this most recent effort again limits
results to very small structures.

Although the computational inefficiency of plastic zone
analysis may have been overstated in past research
efforts,54 the major hurdle limiting the use of advanced
analysis with distributed plasticity remains computational
expense. As one may imagine (and as will be seen in
this article), the plastic zone analytical model for a large
framework can require extensive computational resources.
Many of the research efforts undertaken subsequent to 1970
involving distributed plasticity models have involved very
small structures. Use of plastic zone analysis as a practical
advanced analysis/design tool has not been considered.

The requirements of linear static, nonlinear static, and
transient analysis of large structural systems have motivated
the development of alternate computational strategies rather
than exclusive development of new analytical models.
The most common and useful strategy to come of age
has been the implementation of structure partitioning
(substructuring) in conjunction with parallel processing

on fine- and coarse-grained multiprocessor computers.
An exhaustive literature review of all the advances in com-
putational technology in this arena is not warranted in
this article. However, excellent reviews of past research
efforts in applications of substructuring, parallel process-
ing, and vectorization in computational mechanics are
available.2,6,15,26,28,60

Much of the past research in applications of substructur-
ing and parallel processing have emphasized large-structure
design optimization,3,7,49,51 the elastic analysis of large
structures,4,5,8,9,31,32 nonlinear transient analysis,35,53 non-
linear finite-element analysis,36 and implementation of par-
allel equation solvers. The neural dynamics model has
been implemented recently in the optimal design of large
structures.45,46 This model is an extension of the neu-
ral network algorithm, and its attractiveness, with respect
to high-performance computing, comes from its ability to
generate a globally convergent dynamic system by cast-
ing the constraint functions in the form of a Lyapunov
function.11 The neural dynamics approach has been shown
to be an effective tool for the optimal design of large struc-
tures when used in conjunction with parallel processing.46

The integration of structural control with optimal structural
design also has been a fertile area for application of high-
performance computing. Parallel and vector algorithms for
large-structure weight and control force minimization have
been developed.12,48 Several additional sources of infor-
mation summarizing the most recent advances in high-
performance computing are available.10,11,13,14

Although an abundance of research has been performed
in a wide variety of areas related to high-performance
computing in structural engineering, the inelastic nonlin-
ear analysis of large structural steel frameworks using par-
allel processing, vectorization, and substructuring has yet
to receive attention. Application of the divide and conquer
analytical paradigm in conjunction with parallel process-
ing shows promise in the realm of inelastic stability analy-
sis. These advanced computational techniques have yielded
significant speedup and efficiency for the elastic stabil-
ity analysis of multistory steel frames on a Cray Y-MP
supercomputer.31,32 The benefits of parallel processing and
vectorization that are attained in nonlinear elastic analysis
most certainly can be realized in the inelastic analysis of
steel-frame structures. As a result of the state determina-
tion (e.g., current connection stiffness, member yielding)
required at each increment (or iteration) in loading, par-
allel processing perhaps can result in even more efficient
computation and speedup in the inelastic analysis of large
partially and fully restrained steel frameworks.

Some of the most promising (in terms of design office)
applications of concurrent (parallel) processing come in the
application of distributed computing on networked worksta-
tions using parallel virtual machine technology.8,9 Further-
more, at the time of this writing, multiprocessor computers
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are available to the public (not just researchers at supercom-
puting centers). In addition, there are C, C++, and Fortran
compilers capable of creating multithreaded code for mul-
tiprocessor PCs. Unfortunately, the same cannot be said
about vector processing on personal computers. Therefore,
research in applications of parallel processing is needed
to ensure that advanced analytical techniques such as dis-
tributed plasticity can be implemented by both researchers
and practicing engineers on structures of practical size and
complexity. This, in turn, will allow the design of safe, reli-
able, and economical structures, as well as more accurate
evaluation of existing structures in need of retrofit or repair.

This article seeks to present an advanced frame-analysis
algorithm with which parallel processing and vector com-
putation can be implemented in the advanced analysis of
large-scale structural steel frames. To this end, a finite
element capable of modeling spread of plasticity, resid-
ual stresses, shift in the neutral axis of the elastic core,
and partially restrained connections is described. A method
of nonlinear solution using the work-control technique47,61

is discussed relative to the computation of ultimate loads
(including postcritical response) of partially and fully
restrained steel frames. The computer program developed in
this study uses substructuring in conjunction with parallel
processing and vectorization and is implemented on a Cray

Fig. 1. Beam or column finite-element modeling: (a) typical finite element used for framework analysis; (b) partial plastification within
cross section and strain components.

Y-MP C90 multiprocessor supercomputer. Segments of the
nonlinear solution algorithm where parallel processing and
vectorization is applied are discussed. Speedup and effi-
ciency of the computer program are evaluated. In this man-
ner, it is hoped that this article will foster a renewed
effort in the examination of new computational strategies
for widespread implementation of advanced structural anal-
ysis in addition to the present ongoing development of
new analytical representations to handle the ever-increasing
demands of more complicated analysis procedures.

2 FINITE-ELEMENT MODEL

Much of the past research discussed in the preceding sec-
tion involved frame and truss analysis that assumed elas-
tic material behavior. One of the goals of this study is
to demonstrate the feasibility of collapse load analysis for
large structures using distributed plasticity. A brief out-
line of the present finite-element formulation will give the
reader an appreciation for the level of computational com-
plexity contained in this analysis and a more complete
understanding of the algorithm used in the solution.

A planar beam-column finite element is used as the basis
for this study. The typical 6-degree-of-freedom element is
shown in Figure 1(a), where dse, i are the displacements
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at the ends (1 or 2) of the subelement, and rse, i are the
subelement end forces (e.g., consistent end forces; fixed
end actions are present as well). It should be noted that the
finite element given in Figure 1(a) is one of many subele-
ments used to model any beam or column member. The
length of this subelement is given by Lse. Member loading
is considered to be uniformly distributed for the present dis-
cussion, although concentrated subelement member loads
are possible.30

Assuming elastic–perfectly plastic material behavior
(unloading occurs with the initial modulus, and strain hard-
ening is neglected), the strain energy for a subelement can
be written as

U = E

2
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where Ae and Ap are the elastic and plastified portions
of the subelement cross-sectional area, respectively, ε(σ )
is the current strain (stress) at any fiber within the cross
section, and εy (σy) is the yield strain (stress) for a fiber.
Normal (and incremental) strain, with reference to the non-
moving x, y, z coordinate system shown in Figure 1(b),
may be written using superposition of axial and bending
strains (assuming elastic behavior within a load increment):
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where u is a function describing longitudinal displacement
along the subelement, v is a function describing trans-
verse displacement, and dx is an infinitesimal length in
the longitudinal direction. Substituting Equation (2) into
Equation (1) and integrating over the area give the strain
energy for the partially plastified element:
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The first moment of area, second moment of area, and
cross-sectional area terms are based on the remaining elas-
tic core with reference to the fixed coordinate system

shown in Figure 1(b). The nonmoving coordinate system
allows for unsymmetric yielding within the cross section
to be tracked and the eccentricity of applied loads (whose
point of application remains in the fixed system) with
respect to the remaining elastic core to be included. The
cross-sectional properties may be defined with the aid of
Figure 1(b) and can be expressed as the following integrals:

Ae =
∫
Ae

dAe Sze =
∫
Ae

ydAe = AedCGe

Ize =
∫
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y2dAe Ap =
∫
Ap

dAp

where dCGe is the distance that locates the centroid of the
elastic core, point G denotes the initial centroid location
for an initially unsymmetric cross section, and point Ge

denotes the centroid of the remaining elastic core. For a
symmetric cross section, points G and C are coincident.
The generalized stress relations for the plastified areas may
be written as
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The total potential energy for the subelement indicated in
Figure 1(a) can be written as
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The cross-sectional properties and generalized stress
relations represented in Equation (4) are numerically eval-
uated using a fiber-element model. Sixty-six fiber elements
as shown in Figure 2(a) are used within the cross section
of each subelement. This fiber configuration analytically
allows for accurate modeling of cross-sectional yielding in
addition to assignment of initial stress states correspond-
ing to a variety of residual stress patterns.30 All cross-
sectional properties are computed using a fiber-element
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Fig. 2. Distributed plasticity modeling: (a) fiber-element model; (b) subfinite elements used for along-the-length distributed plasticity
modeling; (c) attachment of partially restrained connections.

model as shown in Figure 2(a) and the fixed coordinate
system shown in Figure 1(b) as a reference.

The Rayleigh-Ritz method and the principle of station-
ary potential energy are used in the development of incre-
mental equilibrium equations for an inelastic subelement.
Although the subelement lengths can be relatively short,
cubic shape functions (Hermite-type) are used for trans-
verse deformations. Axial deformations are interpolated
using linear functions. The secant elemental stiffness equa-
tions that result are

{rse} = [Kse]{dse} + {FEAse} + {rP }se (5)

where {FEAse} is a vector of consistent subelement end
loads, {rP }se is a vector of nodal loads resisted by the plas-
tified portions of the subelement cross section, [Kse] is the
subelement stiffness, and {dse} is a vector of nodal displace-
ments. The secant stiffness matrix [Kse] for the subelement
is written as

[Kse] = [K0] + EAe

2
[K1] + EAe

3
[K2] + [K3] (6)

Each component stiffness matrix is defined as follows: [K0]
is a stiffness matrix containing linear terms, [K1] and [K2]
are nonlinear stiffness contributions as a result of the equi-
librium equations being written for the deformed configu-
ration, and [K3] is a nonlinear stiffness matrix that results

from the interaction of the axial force resisted by the plas-
tified portions of the cross section acting in conjunction
with the nodal deformations. All terms for the subelement
stiffness matrices and further details of the derivation are
available.30

A truncated Taylor series expansion of the subelement
equilibrium equations can be used to develop the subele-
ment tangent stiffness, given by

[KT ]se = [K0] + EAe[K1] + EAe[K2] + [K3] (7)

where the component matrices are the same as those given
in Equation (6). It should be noted that the vectors of fixed
end actions and plastification forces drop out of the incre-
mental equations as a result of the partial differentiation.
This implies that these quantities do not change over an
incremental load step.

Along-the-length yielding of the frame members (beams
and beam columns) is simulated by modeling each beam
and column member with many of the formerly described
subelements. This modeling technique is shown schemat-
ically in Figures 2(b) and 2(c). Both beam and column
members are modeled using ne subelements, and m denotes
the number of the final internal subelement node. Inter-
nal member deformations dal and internal consistent nodal
loads ral are also indicated. Figure 2(b) illustrates the ana-
lytical element used for the typical column member. It
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should be noted that column end displacements di and
column consistent nodal loads ri correspond to the beam-
to-column joints in the analytical model. The beam analyt-
ical model is shown in Figure 2(c). Consistent member end
forces and displacements at the beam ends are denoted as
rbe, i and dbe, i , respectively. It should be noted that these
forces and displacements are consistent with ri and di for
the column members. Therefore, within nodes i and j , both
beams and columns are treated in the same manner during
the analysis. A condensed stiffness and condensed consis-
tent nodal load vector for the beam and column members
is created. After condensation, a 6-degree-of-freedom ele-
ment with two nodes (i and j ) is created.

An added manipulation to beam members during the
analysis is now discussed with reference to Figure 2(c).
Assembly of the condensed beam element (member end
forces rbe, i , member end displacements dbe, i) with two
nonlinear spring elements (RkL and RkR) is carried out.
The nonlinear connections assumed in this study are mod-
eled using a trilinear model that includes unloading.30,33,34

This second condensation procedure results in a 6-degree-
of-freedom beam element suitable for assembly into the
building analytical model. It is up to the user to define the
number of subelements for modeling beams and columns.
It has been found that 10 elements for each beam and col-
umn are sufficiently accurate for a wide variety of mem-
ber loadings.30 This study uses more elements so that a
detailed distribution of yielding along the members is mod-
eled. Residual stresses within the member cross sections
are assumed to be uniform tension in the web and a lin-
ear variation from flange tip compression to tension at the
web-to-flange junction.39

The subelement assembly, condensation, and assembly of
the linearized spring elements for the beam members within
the analytical model can be summarized as follows. The
reader should consult Figures 2(b) and 2(c) for notation.
An element tangent stiffness matrix is formed using a user-
determined number of subelements ne:

[KT ]m =
ne∑
i=1

[KT ]se, i (8)

Omitting consistent nodal loads for this discussion, the
incremental equations of equilibrium for a column or beam
member can be written as

{(ral} = [KT ]m{(dal} (9)

The system implied in Equation (9) is (in general) much
larger than the traditional six equations found in the typical
planar beam-column finite element. It necessarily becomes
larger because more refinement in the modeling of along-
the-length yielding is desired. Static condensation is used
to develop a reduced 6-degree-of-freedom system. Con-
densation of degrees of freedom for the column member

results in

{(ri} = [KT,C]m{(di} = [KT,C]c{(di} (10)

while the condensation procedure for the beam elements
gives

{(rbe} = [KT,C]m{(dbe} (11)

where [KT,C]m is the condensed member tangent stiff-
ness. The condensed incremental stiffness for the beam
member given by Equation (11) must then be assembled
with the two linearized spring elements having incremen-
tal connection stiffness RkL and RkR at the left and right
ends, respectively. Condensation is again used to form a
6-degree-of-freedom combined beam-connection element.
The incremental equations of equilibrium for this element
are therefore

{(ri} = [KT,C]bc{(di} (12)

The tangent stiffness for the column element contained
in Equation (10) and that of the beam element contained in
Equation (12) are then used in the assembly of the structure
stiffness as follows:

[KT ] =
no. col.∑
i=1

[KT,C]c, i +
no. beam∑

i=1

[KT,C]bc, i (13)

The preceding discussion neglected to mention the con-
sistent nodal loads with reference to the condensation. It
should be noted that all consistent internal nodal loads
ral are also involved in the condensation procedures. In
this study, only the beams are subjected to loading applied
between the beam-to-column connections. These loads are
also manipulated in the condensation procedure(s). The
condensed consistent incremental nodal load vector for the
beam elements is denoted {(rC}m in this algorithm. These
forces naturally would have to be added to Equation (12) to
complete the incremental equations of equilibrium for the
beam member.

3 SUBSTRUCTURING AND
INELASTIC ANALYSIS

Substructuring is a means of breaking up an analytical
model (in this case a steel building frame) into smaller
components. It can be conceptualized as a divide and con-
quer strategy and has been found to be very popular in
implementing parallel processing on coarse-grained par-
allel machine architectures. A schematic example of the
method is given in Figure 3. A domain-decomposition
algorithm27,29 is used to partition the framed structure into
subdomains. The subdomains and nodes are then numbered
in a judicious manner, allowing parallel condensation of the
structure stiffness equations.4,5,29 The internal nodes within
each substructure are numbered consecutively first, and
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Fig. 3. Typical partitioning of multistory framework using
substructuring.

the nodes along the substructure boundaries are numbered
last. This node-numbering scheme (and therefore degree-
of-freedom numbering) allows the internal degrees of free-
dom within subdomains to become independent (decou-
pled) from one another. As a result, parallel condensation of
the internal subdomain degrees of freedom to the boundary
degrees of freedom gives a reduced set of equilibrium equa-
tions to solve. This set of equilibrium equations is given by

{RB}re = [KT,B]{DB}re (14)

where {RB}re is a vector consisting of the reference nodal
forces condensed to the subdomain boundaries, [KT,B]
is the condensed tangent stiffness matrix (at boundary),
and {DB}re is the condensed reference nodal displacement
vector for the subdomain boundaries. The reference label
results from implementation of the constant-work algorithm
to be discussed in greater detail later in this article.

Equation (14) requires that the condensed stiffness
matrix and the condensed reference nodal load vector be
formulated. The condensed tangent stiffness matrix is com-
puted via

[KT,B]=
N∑
j=1

{
[Kbb,T ]−[Kib,T ]T [Kii,T ]−1[Kib,T ]

}
j

(15)

where [Kbb, T ] is the tangent stiffness matrix containing
boundary terms for a substructure j , [Kib, T ] is the tangent
stiffness matrix representing the influence of the internal
nodes on the boundary for substructure j , [Kii, T ] is the
tangent stiffness matrix containing terms that result from

the internal nodes in subdomain j , and N is the number
of subdomains. The condensed reference nodal load vector
for the structure is computed using

{RB}re =
N∑
j=1

({Rb}re − [Kib, T ]T [Kii, T ]−1{Ri}re
)

(16)

where {Ri}re is the internal (off-boundary) reference nodal
forces applied to subdomain j , and {Rb}re is the reference
nodal load vector at the boundary nodes for substructure j .

Once Equation (14) is solved for the reference dis-
placements along the subdomain boundaries, the reference
displacements at the nodes within each subdomain (off-
boundary) need to be determined. The expansion of the
subdomain reference displacements to the internal nodes of
subdomain j is performed using

{Di}re = [Kii, T ]−1
({Ri}re − [Kib, T ]{Db}re

)
(17)

where {Db}re are reference displacements located at the
boundary of subdomain j .

The numbering scheme described means that the conden-
sation of the subdomain stiffness matrices and nodal load
vectors depicted in Equations (15) and (16) can take place
concurrently on N processors. The final summation of the
condensed stiffness matrix and nodal load vector shown in
Equations (15) and (16) must be synchronized and, unfor-
tunately, cannot be done in parallel. Therefore, bottlenecks
can result in the algorithm depending on the number of
nodes contained at the subdomain boundaries.31,32,35 Lastly,
the evaluation of the reference nodal displacements within
each subdomain (off-boundary) as given in Equation (17)
also can be performed in parallel. Therefore, the expansion
phase of the equation solution procedure is fully parallel.

One should keep in mind that the condensation proce-
dure necessarily incurs many additional operations when
forming the subdomain stiffness and load vectors. These
additional operations involved in Equations (15) through
(17) approach (and may marginally exceed) the number of
operations needed to solve the original unpartitioned sys-
tem of equations. However, one also must keep in mind
that multiple operations are being carried out on a parallel-
architecture computer. Therefore, the number of operations
carried out in the partitioned system will take less time on
a parallel computer. The original motivation for subdomain
partitioning procedures was computer memory limitations.
In this analysis, partitioning is used to divide up the oper-
ations needed to solve the system of equations among dif-
ferent processes.

The inelastic nonlinear analysis of partially restrained
structural steel building frames allows the incorporation of
parallel processing on a much wider scale than pure linear
elastic analysis. There are several advantageous locations
to implement parallel processing in nonlinear finite-element
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analysis.28,36 In addition to formation of the substructure
stiffness matrices, the method of substructuring allows par-
allel processing to be incorporated into the following areas,
termed in this study state determination for the elements
and connections. In the inelastic analysis of PR frame-
works, state determination consists of (1) computation of
the displacements at the end(s) of all beam members in the
finite-element model, (2) computation of the displacements
along the length of each member using the computed dis-
placements at the structure nodes, (3) determination of the
states of stress and strain in the fibers for each finite ele-
ment contained in the substructures, (4) updating the cross-
sectional properties for each of the finite elements in a
substructure based on the current state of stress and strain,
and (5) computation of the partially restrained connection
stiffness at the ends of the beam members in the substruc-
tures. All the preceding items can be computed in parallel
on multiple processors for each of the substructures in the
analytical model. As a result, the time required for the state
determination at each load step in the nonlinear solution
algorithm can be greatly reduced for large structural anal-
ysis models.

4 INELASTIC ANALYSIS ALGORITHM

The preceding discussion of the finite-element formula-
tion implies that the resulting equations of equilibrium for
the assembled structure are nonlinear. Furthermore, past
research in parallel and vector computing has been focused
overwhelmingly on elastic analysis of large structures. In
this study, the entire load-deformation response of a large
inelastic framework is to be traced. As a result, a nonlin-
ear solution algorithm capable of reliably surpassing limit
points is needed. A simple Newton-type incremental algo-
rithm was used to compute the nonlinear load-deformation
response. In lieu of iterations at constant load, the constant-
work control method47,61 of load incrementation is used in
the solution. Additional details of the nonlinear algorithm
can be found elsewhere,30,33 but it is prudent to highlight
some important aspects to give the reader an understanding
of the computational procedure.

The incremental work done by an incremental load step
{(Rn} in going from displaced (structure) configuration
{Dn} to configuration {Dn+1} is given by

(Wn = {(Dn}T {(Rn} (18)

An incremental nodal load vector can be written as

{(Rn} = (λn{Rre} (19)

where {Rre} is a reference nodal load vector (usually the
applied nodal loads), and (λn is the incremental load factor
(a scalar).

The incremental displacements can be determined using
the tangent stiffness matrix for the structure in the usual
manner:

{(Dn} = [KT ]−1{(Rn} (20)

Equation (19) can be substituted into Equation (20), giving

{(Dn} = (λn[KT ]−1{Rre} (21)

which can be rewritten as

{(Dn} = (λn{Dre} (22)

where the displacements resulting from the reference loads
at a point on the load-deformation response is given by

{Dre} = [KT ]−1{Rre} (23)

The incremental work for the nth load increment can now
be written in terms of the incremental nodal load vector
using Equations (18) and (22):

(Wn = (λ2
n{Dre}T {Rre} (24)

Finally, an incremental load factor for the nth load incre-
ment can be determined using a predetermined incremen-
tal work magnitude as well as reference nodal loads and
displacements at a given point on the load deformation
response. This incremental nodal load factor is given by

(λn =
√

(Wn

{Dre}T {Rre}
(25)

Equation (25) forms the basis of the nonlinear solution
algorithm used in this study. The simple Euler stepping
algorithm with load increments controlled by constant work
will help to control the level of drift from the equilibrium
response. If the initial load increment is small, the drift
also will be small. The accuracy of the proposed algo-
rithm has been demonstrated on both partially and fully
restrained frames.33 Since the full nonlinear load deforma-
tion response is traced, a stopping point must be defined by
the user in the analysis. In this study, the structure is loaded
(and unloaded as required beyond the limit) until a user-
defined deformation is reached at a control node within the
structure.

Computation of the full nonlinear load deformation
response of a large planar structure using distributed
plasticity modeling requires a significant amount of com-
putational effort. To combat this and render the advanced
analysis of large structures using distributed plasticity
tractable, parallel processing and vector computations were
incorporated into the computer program. The computer pro-
gram developed was implemented on a Cray Y-MP C90
multiprocessor supercomputer at the Pittsburgh Supercom-
puting Center using Fortran. The program uses parallel
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Fig. 4. Pseudocode for nonlinear solution algorithm.

processing and vectorization throughout. In general, vector-
ization is used in as many loops as possible (without sig-
nificant algorithmic overhaul) through compiler directives.
However, loop unrolling is used where applicable.24,25,40

Parallel processing is implemented at the DO LOOP level
using the Cray method of autotasking through microtask-
ing directives. A general statement as to where vector-
ization and parallel processing are used in the computer
program is as follows: Parallel processing is limited to large
do loops over all the elements contained in the substruc-
tures, whereas any and all inner do loops are vectorized
(if possible).

A complete explanation of the total program and loca-
tions where vectorization and parallel processing are imple-
mented is not warranted in this article. However, one
can get an understanding of the algorithm and the loca-
tions where parallel and vector computations occur through

examination of the pseudocode for the nonlinear solution
algorithm, found in Figures 4 through 13. Several impor-
tant aspects to the nonlinear algorithm should be noted at
the present time. First of all, step 4 (Figure 4) mentions use
of a parallel vector solver from the LAPACK library of lin-
ear algebra subroutines. The linear solvers contained in the
LAPACK library housed on the Pittsburgh Supercomputing
Center Cray machine are fully optimized for parallel and
vector computation. Second, if a loop in the pseudocode
is executed in parallel, it is denoted by (parallel), and any
computations performed in vector mode are indicated as
(vector). Loops denoted with (vector-shortloop) were vec-
torized loops carried out using the Cray shortloop compiler
directive.24,25

Figures 5 through 8 contain algorithm components per-
taining to development of the reference nodal load vec-
tor (Figure 5), the condensed stiffness matrix (Figure 6),
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Fig. 5. Pseudocode for step 1 in the nonlinear algorithm:
reference nodal load assembly.

the condensed reference nodal load vector (Figure 7), and
computation of the reference displacement vector (expan-
sion phase, Figure 8). Several vectors in Figure 5 should
be defined at the present time. Consistent reference nodal
forces along the member length condensed to the member
ends (nodes i and j in Figure 2) are denoted {rC}m, re in the
pseudocode. {R}eq, re and {R}j t, re are equivalent reference

Fig. 6. Pseudocode for step 2 in the nonlinear algorithm: formation of condensed tangent stiffness matrix.

nodal load vectors and reference loads applied directly to
the structure joints, respectively. The guarded regions indi-
cate locations where multiple processors are synchronized
prior to the operation(s). With respect to formation of the
structure condensed tangent stiffness matrix (Figure 6), this
ensures that each processor that computes a condensed
subdomain stiffness adds this stiffness into the condensed
structure stiffness matrix appropriately. Guarded regions
frequently are necessary on shared-memory multiprocessor
computers to prevent multiple processes from accessing a
common memory space.

Figure 9 contains the pseudocode for the reverse con-
densation process needed to determine the incremental dis-
placements at the ends of the beam members given the
current displacements at the beam-to-column joints. Incre-
mental beam end displacements are needed to accurately
compute the incremental rotations within the connections.
A reverse condensation procedure is also contained in
Figure 10. The pseudocode in this figure outlines the proce-
dure used to develop incremental displacements along the
member lengths based on the displacements at the ends of
the member.

Once all displacements are known, the state of stress
within all fibers can be computed using the procedure out-
lined in Figure 11. It should be emphasized that the rather
simplistic finite element used in this study requires that an
average curvature be used for any subelement. Part of the
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Fig. 7. Pseudocode for step 3 in the nonlinear algorithm:
formation of condensed reference nodal load vector.

motivation for using such a fine subelement discretization is
to ensure that this average curvature is acceptable. Step 12
in the algorithm does nothing more than compute the state
of stress in all fibers within any given subelement cross
section. It should be noted that if unloading of a fiber is
encountered, the initial material modulus of elasticity is
used for the increment in stress. This unloading increment
is then added to the current state of stress in that fiber. In
this fashion, unloading at any yielding locations within the
cross section can be considered easily in the analysis.

After the state of stress in each and every fiber of the
model is determined, the cross-sectional properties Ae, Ize ,
Sze , dCGe, and Ap are computed. Furthermore, the axial
loading resisted by plastified portions of the cross section
PAp

is also determined. These are the tasks outlined in
the pseudocode contained in Figure 12. It should be noted
that if the cross-sectional area that remains elastic becomes
very small (i.e., less than the area of two fibers located in
the member web at the original cross-sectional centroid),
a minimum area and second moment of area are assigned.
These minimums correspond to the two fiber areas just
mentioned.

The final state determination needed in the nonlinear
analysis is determination of the current connection rotation
and stiffness. The pseudocode for this stage in the algo-
rithm is contained in Figure 13. The incremental rotations

Fig. 8. Pseudocode for step 5 in the nonlinear algorithm:
computation of structure reference displacement vector

(substructure displacement expansion phase).

Fig. 9. Pseudocode for step 10 in the nonlinear algorithm:
computation of incremental displacements at the beam ends.

in the connections are first determined. This is the differ-
ence between the incremental rotation at the beam end and
the incremental rotation at the beam-to-column joint. This
incremental rotation is then multiplied by the current con-
nection rotation to determine if unloading occurs. If unload-
ing of the connection does occur, the stiffness is changed
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Fig. 10. Pseudocode for step 11 in the nonlinear solution algorithm: computation of the incremental displacements along members.

Fig. 11. Pseudocode for step 12 in the nonlinear algorithm:
computation of current fiber stress state.

to the first linear stiffness in the trilinear model, and the
current connection rotation is reset to zero. If the connec-
tion loads, the incremental connection stiffness is set to the
appropriate magnitude in the trilinear model. Further details
regarding the connection models can be found elsewhere.30

5 PROGRAM PERFORMANCE MEASURES

Program performance can be measured in a variety of
ways. One intuitive measure is wall-clock time. However,
this tends to be a misleading measure of program perfor-
mance on nondedicated multiprocessor machines such as

Fig. 12. Pseudocode for step 13 in the nonlinear algorithm:
update of cross-sectional properties corresponding to current

fiber stress state.

Fig. 13. Pseudocode for step 14 in the nonlinear algorithm:
update of current beam connection stiffness based on current

connection rotation.
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the Cray Y-MP C90 used in this study. The computer pro-
gram written as part of this research was required to be
run in batch mode with many competing jobs. Therefore,
processors often were swapped between jobs by the oper-
ating system, even though the program explicitly requested
a user-defined number of processors at compile time. As
a result, the processing can occur piecemeal such that the
wall-clock time domain may be measuring noncontiguous
process time. Therefore, a much better set of measures for
assessing program performance are floating-point opera-
tions and processor (analogous to CPU) connect time.

The Cray Y-MP C90 multiprocessor computer used in
this research allows scalar, vector, and parallel processing
to be defined using compiler switches. The program was
run in three distinct modes: (1) scalar mode, (2) vector
mode, and (3) autotasked (parallel-vector) mode. The scalar
mode was used to simulate a typical von Neuman com-
puter (e.g., a typical desktop PC). It is recognized that the
CPU clock speeds on a Y-MP C90 are not typical of those
found in PCs, but the scalar mode will give qualitative indi-
cation of typical computer performance. The vector mode
included only vector processing (i.e., only one processor
was requested). Therefore, in this mode, the Cray autotask-
ing directives related to parallel processing were ignored
because only one process was requested. This mode would
allow the speedup directly attributable to vector computa-
tion to be quantified. The final mode was autotasked mode.
In these runs, the Cray compiler was instructed to consider
both the vectorization and parallelization compiler direc-
tives. Furthermore, a number of processors equal to the
number of subdomains present in the model was requested.
This resulted in full realization of the speedup associated
with both vector and parallel processing.

The parallel-vector mode performance data will help to
quantify the speedup attributable to purely parallel pro-
cessing. This speedup can then be used to gauge program
performance within the context of expected performance
of a similar program in a distributed (parallel) workstation
environment. It is understood that this may be an overly
simplistic analogy because the efficiency of message pass-
ing and memory communication in distributed worksta-
tion environments is significantly different from that on the
shared-memory MIMD Cray C90. However, it is felt that
analogous performance between the two environments will
be seen qualitatively.

An added consideration in measuring program perfor-
mance is the level at which the data are reported. The
first may be considered reporting overall program perfor-
mance, and the other can be considered as reporting task
performance. This study used runs as part of a production
research effort. As such, the computer program was writing
significant amounts of output data at each step in the incre-
mental nonlinear algorithm (e.g., nodal displacements, fiber

strains, fiber stresses, effective cross-sectional areas, con-
nection rotations, and load factors). This resulted in over-
all program performance being unduly impeded by extreme
output frequency. Therefore, this study reports program per-
formance data at the task level. The tasks in the nonlin-
ear algorithm were defined as the steps in Figure 4. If it
is assumed that incremental load steps within a nonlinear
solution algorithm cannot be carried out in parallel due to
recursion (very realistic, since each load step depends on
data determined in the previous load step), one can make
the argument that if each task within the nonlinear algo-
rithm is sped up, the entire nonlinear algorithm will speed
up. Therefore, this is the rationale behind reporting pro-
gram performance at the task level.

It should be noted that a large amount of research has
been devoted to improved performance of equation solvers
through parallel processing and vectorization over the last
two decades. This study used the LAPACK library of equa-
tion solvers resident on the Cray C90. These solvers are
extremely fast and efficient and are optimized for the C90
machine. It was felt that trying to create or implement an
alternate set of parallel-vector factorization and backsubsti-
tution routines would not be prudent. Therefore, any discus-
sion related to the performance of solving routines (tasks)
is ignored.

The two measures of task performance used in this study
are speedup and efficiency. As eluded to in previous discus-
sion, this article will focus on performance increases due to
parallel and vector processing. The first performance mea-
sure to be considered is speedup. Within the context of this
study, speedup is quantified three ways, reflecting the type
of processing used in the computer run. The first is speedup
resulting from vector processing alone (i.e., moving from
scalar to vector processing):

SUS→V = PCTscalar

PCTvector
(26)

where PCTvector is the process connect time for vector
computations, and PCTscalar is the process connect time
for scalar computations. Therefore, the speedup given in
Equation (26) attempts to quantify the improvement result-
ing from vector processing over that anticipated using a
machine with a scalar processor. A second speedup mea-
sures the improvement going from vector processing to
parallel-vector processing. This measure is given by

SUV→P = PCTvector

APCTautotask
(27)

where APCTautotask is the average processor connect time
for the parallel (autotasked) run. The speedup expressed
in Equation (27) attempts to quantify the speedup due to
parallel processing alone. The final speedup measures the
performance enhancement moving from scalar processing
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to vector/parallel processing. This speedup is defined as

SUS→P = PCTscalar

APCTautotask
= SUS→V SUV→P (28)

The multiplicative effect illustrated in Equation (28)
implies that superlinear speedups (when compared with a
scalar processing run) can be attained if vector and parallel
processing are used. This results from each of the 16 pro-
cessors on the Cray C90 being a vector processor. There-
fore, the machine is capable of creating parallel-vector
processes, and superlinear speedups over scalar execution
should be expected.

The speedup expressions contained in Equations (26)
through (28) mask the difficulty encountered when attempt-
ing to achieve significant speedup using vector and paral-
lel processing. A theoretical upper limit on speedup can be
determined using Amdahl’s law. On the Cray C90, the the-
oretical speedup via vectorization alone may be written as

SUV = 1

fS + (fV /RV )
(29)

where fV is the fraction of code executed with vector pro-
cessing, fS is the fraction of computer code executed in
scalar mode (1 − fV ), and RV is a machine-dependent
value denoting the ratio of scalar processing time to vec-
tor processing time. RV ranges from 10 to 20 on Cray
machines.24,25 Therefore, assuming that 50 percent of the
code is executed in vector mode and assigning RV = 20,
the speedup expected through vectorization (over scalar
execution) is only 1.9. If 75 percent of the code is executed
in vector mode, the expected speedup is 3.48. Therefore,
significant speedups (2 or greater) are not expected until
over 50 percent of the computer code is executed in vec-
tor mode. Achieving a 50 percent vector code many times
requires a significant overhaul of the computational algo-
rithm, and therefore, significant speedup due to vector pro-
cessing can be limited in finite-element computations.

Amdahl’s law is also applicable to parallel processing
and is expressed mathematically in a similar manner to that
for vector processing:

SUP = 1

fS + (fP /N)
(30)

where fP is the fraction of code executed in parallel. Exam-
ination of Equation (30) allows qualifying statements to
be made with respect to the expected speedup due to par-
allel processing. First of all, linear speedup will not be
attained until 100 percent of the code is executed in paral-
lel. Therefore, one could expect code segments (i.e., tasks)
to perform with near-linear speedup. However, to expect
the entire code to be executed in parallel is a tall order and
highly unlikely to be attained in practice. Second, as the
number of processors increases, so does the percentage of

code needed to be executed in parallel in order to approach
linear speedup.

The discussion related to Amdahl’s law leads to the fol-
lowing conclusions regarding expected performance of the
computer program using advanced computing technology
(e.g., vector processing and parallel processing). First of
all, significant speedup from vectorization should not be
expected. The computer program used in this study was
not overhauled to allow maximum vector computation. In
essence, the Cray C90 Fortran compiler was used to deter-
mine loops that were not vectorized automatically by the
compiler. Once these loops were flagged, minimal recoding
(e.g., loop unrolling40) was performed to allow vector pro-
cessing to occur. If it was deemed that significant recoding
was required, none was done. With regard to parallel pro-
cessing, the computer program was developed with empha-
sis on achieving maximum parallel execution within each
subroutine (task). Therefore, it is expected that speedups
due to parallel processing will be more significant. Also,
since parallel processing is localized to subroutines (tasks),
the performance enhancement should be significant.

6 STEEL FRAMES ANALYZED

Three structural steel frames shown in Figure 5 were
used to evaluate code performance. The computer program
allows fully restrained (FR) and partially restrained (PR)
connections. Performance results for the FR frames alone
are provided. Performance for both FR and PR connected
frames is expected to be the same because evaluation of the
current state of connection stiffness (refer to Figure 14) is
done for both frame types.

The service gravity and lateral loads for all three frames
are based on the following general building layout and con-
figuration. Each frame is part of a lateral load-resisting sys-
tem in which each lateral load-resisting moment frame is
spaced at 9.1 m on center. The dimension of the building
orthogonal to the wind direction is 54.9 m for all build-
ings. All frame loadings are based on a 7.6-m bay spac-
ing (both directions) and a common story height of 3.8
m. Wind loading is based on a basic wind speed of 128.7
km/h, an importance factor of 1.0, and exposure category
A.18 Typical office loading was used to assign gravity loads
to the frames. Roof live loading was assumed to be 1.05
kN/m2 (snow). Floor live loading was assumed to be 3.11
kN/m2. The dead loading was assumed to be 3.59 and 3.11
kN/m2 for the roof and floor, respectively. All members
within the structure were assumed to have a yield stress of
248 MPa, and residual stresses vary in linear fashion over
the flange width (from tension to compression) and are
constant (tension) within the web.39

The large-building frame structures studied in this
research effort required that live load reduction procedures
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Fig. 14. Frames used in present study to measure program performance.

be used in preliminarily sizing the members for analysis.
However, the usual live load reduction methods incorpo-
rate a column takedown analysis. This is not conducive to
implementation as part of a matrix structural analysis tech-
nique. Therefore, reduction of live loading is simulated via
upward-compensating forces62,63 applied at the beam-to-
column joints. These upward loads are treated as live load-
ing in the matrix structural analysis.

The three multistory, multibay frames are analyzed for
ultimate load and postcritical response using the fiber-
element (plastic zone) analytical procedure. Each beam
member has 30 subelements, and each column member has
20 subelements. The subelements are of uniform length
along the member. The number of nodes, elements, fibers,
and degrees of freedom in each framework is given in
Table 1. The number of nodes and elements contains all
nodes and elements between the structure nodes (i.e., the
beam to column joints) used to model along the member
yielding. The number of degrees of freedom in Table 1
accounts for restrained displacements at support conditions
in the framework. Run times for a Pentium Pro 200-MHz
PC with a single processor are provided. The number of
incremental load steps used by the nonlinear algorithm
are also contained in the table. Lastly, the (average) time
required for completion of each load increment is given.

As expected, the computational effort (on a per-increment
basis) is the same for all connections assumed. Further-
more, the computational effort increases as the size of
the frame increases, and this increase is nonlinear. Lastly,

Table 1
Model size parameters and PC timing information for the frames

used in this study

Frame designations

Parameter∗ 1 2 3

Nodes 3305 6601 15906
Elements 3360 6720 16200
Fibers/element 66 66 66
Total fibers in model 221760 443520 1069200
Degrees of freedom 9888 19776 47700
FR Run time 1:35:33 2:24:33 3:08:07

No. of increments 2300 1742 937
Time/increment 2.49 s 4.98 s 12.05 s

EEP Run time 2:56:09 5:27:34 3:55:55
No. of increments 4198 3928 1150
Time/increment 2.52 s 5.00 s 12.31 s

FP Run time 3:07:17 1:18:30 3:03:20
No. of increments 4527 945 889
Time/increment 2.48 s 4.98 s 12.37 s

∗FR, fully restrained; EEP, extended end plate; FP, flange plate.
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the solution of these problems on a scalar computer is
computationally intensive and perhaps impractical for
design office use. However, one could argue that a
200-MHz PC is less than state of the art.

7 RESULTS AND DISCUSSION

Speedups for the various subroutines (tasks) are provided
in Tables 2 through 4. The definition of speedup in these
cases has been presented in Equations (26) and (27). The
speedup due to vectorization alone was not appreciable for
some tasks, whereas for others the vectorization speedup
was significant. Significant speedups were attained in steps
12, 13, and 14. Speedups of 5 and greater indicate that
a large number of computations were performed in vector
mode during execution of the task. An example of the effect
of overhead to start a vector process on speedup attained is
illustrated through the results of step 14, whose pseudocode
is contained in Figure 13. Loop 2, which takes advantage
of vector processing, has its limits defined by the number
of elements contained in each subdomain. It is clearly seen
in Table 2 that the speedup achieved through vector pro-
cessing drops significantly as the number of subdomains
increases. The reason for this is that as the number of
subdomains increases, the vectorized loop becomes shorter

Table 2
Speedup for various steps in the nonlinear solution algorithm as

a function of the number of substructures for frame 1

Number of substructures
(processors)

Compilation
and run-time

Subroutine mode 2 3 4 6 8

Step 1 S → V 1.21 1.20 1.20 1.20 1.20
V → P 1.95 2.95 3.86 5.81 7.72

Step 2 S → V 1.31 1.42 1.55 1.82 2.05
V → P 1.98 2.94 3.83 5.35 6.64

Step 3 S → V 1.17 1.20 1.24 1.32 1.40
V → P 1.99 3.00 4.00 6.01 7.99

Step 5 S → V 1.11 1.12 1.15 1.19 1.23
V → P 1.96 2.93 3.95 5.93 7.89

Step 10 S → V 1.09 1.08 1.08 1.08 0.08
V → P 1.99 3.00 4.02 6.01 8.04

Step 11 S → V 1.11 1.10 1.08 1.10 1.10
V → P 1.94 2.93 3.91 5.87 7.79

Step 12 S → V 10.21 10.20 10.05 10.29 10.19
V → P 1.64 2.49 3.34 4.93 6.54

Step 13 S → V 6.05 5.94 5.90 6.00 6.01
V → P 0.331 0.501 0.67 1.00 1.33

Step 14 S → V 3.23 2.61 2.34 1.80 1.47
V → P 1.70 2.71 3.34 4.96 6.41

Table 3
Speedup for various steps in the nonlinear solution algorithm as

a function of the number of substructures for frame 2

Number of substructures
(processors)

Compilation
and run-time

Subroutine mode 2 4 6 8 10

Step 1 S → V 1.20 1.20 1.19 1.19 1.19
V → P 1.95 3.84 5.77 7.67 9.64

Step 2 S → V 1.21 1.46 1.59 1.84 2.09
V → P 1.98 3.70 5.45 6.53 7.20

Step 3 S → V 1.12 1.17 1.20 1.24 1.28
V → P 2.00 3.98 6.00 7.98 9.96

Step 5 S → V 1.09 1.11 1.12 1.15 1.17
V → P 1.97 3.94 5.92 7.87 9.81

Step 10 S → V 1.08 1.08 1.08 1.08 1.08
V → P 2.00 4.00 6.02 8.02 10.03

Step 11 S → V 1.10 1.10 1.09 1.08 1.09
V → P 1.95 3.92 5.90 7.85 9.83

Step 12 S → V 10.26 10.12 10.07 10.09 10.11
V → P 1.68 3.38 5.04 6.64 8.38

Step 13 S → V 6.05 6.01 5.95 5.85 5.85
V → P 0.33 0.68 1.02 1.36 1.70

Step 14 S → V 3.85 3.23 2.74 2.34 2.06
V → P 1.87 3.65 5.20 6.53 8.19

Table 4
Speedup for various steps in the nonlinear solution algorithm as

a function of the number of substructures for frame 3

Number of substructures
(processors)

Compilation
and run-time

Subroutine mode 2 4 6 8 10

Step 1 S → V 1.19 1.89 1.19 1.19 1.19
V → P 1.97 3.99 5.90 8.02 9.78

Step 2 S → V 1.19 1.36 1.62 1.90 2.18
V → P 1.96 3.85 5.43 6.56 7.54

Step 3 S → V 1.10 1.13 1.16 1.19 1.21
V → P 1.97 3.99 5.94 7.92 9.90

Step 5 S → V 1.13 1.15 1.16 1.18 1.19
V → P 1.98 3.96 5.94 7.94 9.88

Step 10 S → V 1.05 1.05 1.05 1.06 1.06
V → P 2.00 4.02 5.96 7.98 9.96

Step 11 S → V 1.10 1.10 1.10 1.10 1.10
V → P 1.94 3.89 5.85 7.81 9.64

Step 12 S → V 9.78 9.82 9.84 9.87 9.80
V → P 1.65 3.29 4.96 6.60 8.21

Step 13 S → V 6.24 6.25 6.30 6.24 6.17
V → P 0.33 0.66 0.98 1.36 1.72

Step 14 S → V 4.98 4.56 3.70 3.31 3.09
V → P 1.84 3.67 5.343 7.20 8.81
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and shorter in length. Therefore, the process time to start
the vector loop becomes significant, and the time the vec-
tor process takes once it is started decreases significantly.
Therefore, one should keep in mind that the vector being
processed must have sufficient length to ensure that the
overhead to start the computation is outweighed by the time
it takes to finally execute the process. One can see that the
loss in speedup is less drastic for frames 2 and 3 because
the vector loops are larger as a result of more elements
within each subdomain.

In all cases (with one exception), near-linear speedup
was attained via parallel processing implementation (V →
P row in Tables 2 through 4). If one were to include
the speedup attained through parallel-vector computations
over scalar computations, superlinear results are achieved.
Step 12 for frame 2 (Table 3) indicates that the speedup
in going from scalar to vector-parallel computation was
10.1∗8.4, or 84.8. The exception with regard to perfor-
mance increase is step 13, with the pseudocode given in
Figure 12. While the vector computation achieved signif-
icant speedup over the scalar computations, the parallel
computation did not perform well. Two inner (vectorized)
loops run over the 66-element fibers (array indices). While
the vector processing within this step performed quite well,
it appears that the combination of the Shortloop compiler
directive used in this study and parallel processing seems to
have caused unpredictable results. Unfortunately, the poor
parallel processing performance in this step remains to be
explained definitively.

The second measure of program performance used in this
study is efficiency. The efficiency of a parallel task can be
defined as

ηP =
(
SUP

N

)
100 (31)

where SUP is the speedup attained via parallel process-
ing, and N is the number of processors used (equal to the
number of structure subdomains). The efficiency of each
subroutine can be inferred from the speedups contained in
Tables 2 through 4. Figure 15 illustrates the efficiency of
step 1 for the three frames studied with a variety of subdo-
mains. As can be seen in the figure, greater than 95 percent
efficiency is attained throughout. Virtually identical effi-
ciency plots to that shown in Figure 15 were obtained for
steps 3, 5,10, and 11.30

One notable exception to the favorable efficiency is
step 2, which forms the condensed tangent stiffness matrix
and condensed incremental nodal load vector mathemati-
cally stated in Equations (15) and (16). Figure 16 indicates
that as the number of subdomains increases (regardless
of frame size), the number of boundary degrees of free-
dom increases. There is a point of diminishing returns
whereby the number of boundary degrees of freedom
becomes significant and subroutine performance is signifi-
cantly impeded.30,31 From Figures 17 and 19 it can be seen

Fig. 15. Performance for parallel versus vectorized code for
step 1 in the nonlinear solution algorithm.

that subroutine steps 12 and 13 had much less efficiency
as a result of the size of the parallel tasks within the rou-
tines. That is, the lengths of the tasks executed in parallel
were not significant, and therefore, the speedup due to par-
allelization was not as great. Step 13 suffered from very
poor efficiency, as indicated in Figure 18. This should be
expected after the discussion of the poor speedups attained
in this routine.

A final measure of program performance often used is
the number (millions) of floating-point operations executed
per second (MFLOPS). Unfortunately, these data were not
recorded in this study. As a result of significant output
generation, the program was not performing floating-point
operations for significant time durations. MFLOPS data at

Fig. 16. Performance for parallel versus vectorized code for
step 2 in the nonlinear solution algorithm.
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Fig. 17. Performance for parallel versus vectorized code for
step 12 in the nonlinear solution algorithm.

the subroutine level could not be obtained during any of the
runs. However, one can qualitatively make some judgments
related to expected performance from previous research.
MFLOP performance was measured for a similar program
without the same magnitude of output generation (i.e., it
was a timing study, not an inelastic frame analysis study).31

In the former study, 40 to 100 MFLOPS were attained for
frames similar to the frames in this study. It is surmised that
performance of at least this magnitude could be expected
from the program used in this study.

Qualitative statements can be made with respect to pro-
gram performance on a PC using the timing data contained
in Table 1 and the speedup data (V → P ) contained in
Tables 2 through 4. If one were to isolate frame 3 timing
data in Table 1, it can be seen that each iteration (on aver-
age) took 12 s to execute. From Table 4 it can be seen
that the major time-consuming steps (steps 1 through 12

Fig. 18. Performance for parallel versus vectorized code for
step 13 in the nonlinear solution algorithm.

Fig. 19. Performance for parallel versus vectorized code for
step 14 in the nonlinear solution algorithm.

and step 14) in the nonlinear algorithm had speedups due
to parallelization ranging from 7.5 to 9.9. Step 13 is an
obvious anomaly in the results. Therefore, one could say
qualitatively that parallel implementation of this program
on a multiprocessor PC could achieve a speedup of around
8 (reduced from 9.9 to account for step 13 performance).
Thus 12 s per iteration could be reduced to 1.5 s. The anal-
ysis time for frame 3 then could be reduced to approxi-
mately 23 minutes for frame 3 with FR connections.

The entire goal of the vector and parallel computa-
tions described in this article was to compute the ultimate
load and nonlinear load-deformation response for practi-
cally sized building frameworks. Figure 20 illustrates the
load-deformation response for the three building structures
shown in Figure 14 for three connection variations (FR,
fully restrained; PR, partially restrained, with extended end-
plate connections; and PR with flange plate connections).
The extended endplate and flange-plate connections were
designed for the beam end moments obtained assuming
a fully restrained frame design analysis. PR connection
models were then developed using semianalytical expres-
sions visually fitted with multilinear models. The con-
nection design and trilinear modeling parameters can be
found elsewhere.30 It should be noted that both the ulti-
mate load and postcritical response are captured in the
results. Furthermore, uniformly distributed member loads
are assumed to be present on the girders, and horizontal
wind loading is assumed to be concentrated at the floor
levels. A user-defined control node (the leeward roof node
on the analytical model) is used to assign a maximum hor-
izontal displacement. This limit is then used to stop the
nonlinear algorithm after the limit load has been reached.
From the information contained in Table 1, one can sur-
mise that these analyses were computationally intensive.
The constant-work method of analysis required that very
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Fig. 20. Frame load-deformation response: (a) frame 1;
(b) frame 2; (c) frame 3.

small increments in load be taken in regions of severe
change in structural response (degree of expected nonlin-
earity). (The symbols shown in Figure 20 are for annota-
tion only. They do not reflect the number of solution points

needed during the solution.) The literature does not contain
analytical results for frames of this size using distributed
plasticity analysis. Figure 20 indicates that distributed plas-
ticity can be used to analyze practical frameworks for non-
linear load-deformation response not only to compute ulti-
mate loads but also to determine the postcritical branches.

8 CONCLUSIONS

The development of a finite element capable of modeling
spread of plasticity within the cross section of structural
steel members has been described. This element is incorpo-
rated into a computer program for advanced (plastic zone)
analysis of large scale FR and PR frameworks using par-
allel and vector computations. The method of substructur-
ing incorporated into a nonlinear solution algorithm was
outlined, and its implementation in nonlinear frame anal-
ysis was described. Measures relevant to program perfor-
mance on a Cray Y-MP C90 supercomputer were discussed.
Three large-scale multistory, multibay steel frames were
analyzed using the proposed algorithm for collapse load
and postcritical response. The results presented illustrate
the significant computational speedup possible using paral-
lel and vector computations. Although the results pertaining
to vector computations are not readily extendable to desk-
top workstations and PCs, it is believed that the speedups
attained via parallel computations will be seen on parallel
PCs of the future. These computational improvements indi-
cate that the plastic zone method of advanced analysis can
become an everyday engineering tool in the design office
of the future. Lastly, this study hopefully will give other
researchers confidence that spatial (three-dimensional) plas-
tic zone analysis54 of large structures can be handled with
confidence.
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