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ABSTRACT 

N this thesis, faults associated with squirrel-cage rotor structures will be considered. 

More specifically, diagnostics of adjacent and nonadjacent squirrel-cage rotor bar 

breakages will be addressed. Effects of such faults on machine performance will be studied 

through a number of modeling approaches. Namely, an example of a simple 8-bar squirrel-cage 

induction machine will be used to visualize the effects of both adjacent and nonadjacent rotor bar 

faults on the magnetic field distribution in the induction machine. Then, more sophisticated 

models such as the magnetic equivalent circuit, and time-stepping finite element models of a 

case-study 5-hp induction machine will be developed. These models will be used to verify the 

assumptions used in the simple 8-bar example as well as to provide a more detailed picture of the 

fault effects on the motor performance. A number of both adjacent and nonadjacent fault 

scenarios will be considered. It will be shown that some nonadjacent rotor bar breakages may 

result in the masking of the commonly used indices of fault signals, hence, leading to possible 

misdiagnosis of the machine. It will also be shown that secondary effects that appear during such 

nonadjacent rotor faults can be utilized for purposes of fault identification using conventional 

rotor fault diagnostic approaches with modified indices. Moreover, a new rotor fault diagnostics 

technique based on the vibration signal obtained using a low-cost piezoelectric vibration sensor 

will be introduced. This technique will be used for successful diagnostics of both adjacent and 

nonadjacent squirrel-cage rotor faults. Both of these findings show a good deal of promise in 

practical applications. 
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CHAPTER 1: INTRODUCTION 

1.1 BACKGROUND 

NDUCTION MACHINES are perhaps the most popular type of electric machines used 

in industry today. Since the discovery of the rotating magnetic field phenomenon in 

1880s by Nikola Tesla, first described in [1], and its application to ac machinery, and in particular 

to the induction machine, initially presented in [2], the design of induction machines has been 

revisited by researchers and engineers, and improved numerous times. The design of the 

induction machine has been significantly improved in terms of both reliability and cost with the 

invention of the solid short-circuited rotor structure, also known as the squirrel-cage rotor. 

Modern squirrel-cage induction machines possess a rugged and relatively simple design, which 

results in reduced manufacturing and maintenance costs. These squirrel-cage induction machines 

are now widely used and are the most common type of induction machines found in industry 

today. 

Moreover, due to recent developments in power semiconductor technology induction 

machines are being utilized in applications that were originally out of reach due to the rather 

complicated and costly methods that were designed for control of induction machines’ speed and 

torque production. Induction machines supplied by modern semiconductor ac drives have 

I 
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replaced conventional dc machines in most of applications that have originally been dominated 

by systems of dc machines. Among other benefits, when compared to conventional brush-type dc 

machines, induction machines offer a higher degree of reliability, which results in the reduction 

of overall maintenance costs. Today, induction machines are being utilized in a variety of diverse 

industries, ranging from mining, process manufacturing, automation applications, heating and air 

conditioning, transportation, aerospace and marine propulsion applications to the health care 

industry.  

Although modern induction machine possesses relatively high degree of reliability, when 

compared to the conventional brush-type dc machine, being a practical device with parts and 

components it is still prone to failures. These failures are commonly divided, based on the main 

machine components, into three major groups, namely, bearing faults, stator faults, and rotor 

faults [3-5]. About forty percent of faults associated with induction machines are due to the 

bearing failures, see the pie-chart of Figure 1-1. This is according to a number of independent 

studies on induction machine failure statistical data previously reported in the literature [3-5]. 

Meanwhile, faults associated with stators account for another forty percent of induction machine 

failures [3-5]. It should be mentioned that, although mechanisms of stator and bearing failures 

may differ slightly between different types of electric machines, these types of faults are known 

to be a common problem in other types of electric machines, namely, synchronous, brushless dc, 

reluctance, etc. Furthermore, failures associated with rotors account for approximately ten percent 

of induction machine failures [3-5]. However, unlike bearing and stator faults these faults are 

specific to squirrel-cage induction machines. Again, fault occurrence data presented in [3-5] is 

summarized in Figure 1-1.  
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Stator

38%

Other

12%

Bearing

40%

Rotor

10%

 
Figure 1-1. Induction motor fault occurrence data, [3-5]. 

The forth category depicted in Figure 1-1 and entitled “Other” accounts for the faults 

associated with failures of the external components of the motor-load system or the failures not 

considered in the studies performed in [3-5]. 

1.2 LITERATURE REVIEW 

In this section a more detailed literature review describing some of the causes and 

mechanisms as well as some diagnostic techniques of the most common induction motor failures 

will be presented. More specifically, an explanation of the mechanisms of the various failures will 

be presented and supported through previously performed studies on bearing, stator, and squirrel-

cage rotor faults. 

1.2.1 BEARING FAULTS 

Typical bearings used in electric machinery consist of three major components, namely, a 

set of balls or rollers, raceways, and lubricant. As can be seen from Figure 1-2, there are generally 

three mechanisms that result in the accelerated failure of a bearing. First, mechanical stresses that 

result in metal fatigue failures. These failures can result from both normal operating conditions, 
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as well as abnormal conditions, such as motor-load shaft misalignment and mechanically 

unbalanced loads, which accelerate the deterioration of the bearings through localized fatigue 

phenomenon known as flaking [6]. 

Electrical Stresses:
1. Electrical Discharge

2. Lubricant Breakdown

Chemical Stresses:
1. Contamination

2. Corrosion

Mechanical Stresses:
1. Misalignment

2. Unbalanced Load

 
Figure 1-2. Main bearing failure mechanisms. 

Mechanical stresses can be aggravated through chemical contamination of lubricants, 

which are used to reduce friction losses between rollers and raceways. Lubricant contamination 

and bearing corrosion reduce the lifetime of the bearing because of the harsh environments 

present in most industrial settings. Foreign particles, such as industrial dust and dirt, commonly 

present in industrial settings may pollute the bearing lubricant resulting in increased wear of 

bearing’s rollers and raceways [6]. In addition, bearing corrosion can be accelerated in the 

presence of moisture, acids, and other contaminants, which are commonly present in such 

industrial environments.  

Electrical transients are yet another major source of stresses that causes an accelerated 

time to failure of the bearings used in rotating electric machinery. There are in general two 

sources of electrical stresses on bearings in induction machines. First, is a low frequency bearing 

current, typically on the order of the supply fundamental component frequency, produced as a 

result of a time-varying flux encircling the shaft. This flux is produced by magnetic asymmetries 



Chapter 1: Introduction 5 

which are commonly present in such machines [8]. The induced low frequency bearing current 

may result in excessive bearing heating as well as some possible electrical discharge through the 

lubricant, which damages both the lubricant and the raceways. The existence of this phenomenon 

has been well known and documented in previous studies [9-11]. Another source of electrical 

stresses on the bearings is associated with modern ac adjustable speed drive (ASD) technology. 

More specifically, high frequency pulse-width modulated (PWM) voltages produced by inverter 

circuits in such ASDs may induce so-called common-mode or zero-sequence (non-fundamental 

frequency) ac currents some of which pass through the bearings. There are two sources of the so-

called common-mode current in an induction machine supplied by an ac drive. First, the class of 

three-phase six-switch bridge inverters commonly used in ac drive systems is by itself a source of 

the common-mode voltage. In other words, in case when an inverter is supplying a wye-

connected induction machine, the voltage at the neutral of the machine is not zero, but rather is 

modulated at the switching frequency of the inverter. This neutral voltage may excite parasitic 

capacitances between the stator winding and the rotor resulting in the rotor shaft being at a 

potential other than zero with respect to the motor frame. Another major source of common-mode 

currents in the induction machines supplied by ac drives became more evident with the recent 

improvement in the semiconductor devices, such as IGBTs and power MOSFETs, used as 

switches in modern power electronic applications. Modern devices are capable of switching 

higher voltages at higher speeds, hence, reducing the switching losses and improving efficiency. 

This improvement, however, has a major flaw in the sense that it leads to higher dv/dt rates, 

hence, exciting any parasitic capacitances, which may be present in the path of the signal. Again, 

this may result in the increase of the energy transferred to the rotor structure through the 

capacitive coupling between the stator winding and the rotor surface, hence, leading to possible 

electrical discharge in the form of arching between bearing rollers and raceways. Arching 
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produced as the result of electrical discharges between the rollers and the raceways results in the 

pitting of the bearing raceways, which in turn, in the long run, will result in the phenomenon 

commonly referred to as fluting [12-16]. This effect of bearing raceway pitting, which results 

from sudden electrical discharges, is shown in Figure 1-3, the resulting raceway with fluting is 

depicted in Figure 1-4.  

 

 

Figure 1-3. Bearing raceway showing sings of pitting due to bearing currents, [14]. 

 

Figure 1-4. Bearing raceway with the signs of fluting, [15]. 

Moreover, arching that takes place in the bearing chemically deteriorates lubricating 

properties of the lubricant, which provides the dielectric medium between the rollers and the 

raceways during the electrical discharge [15], [16]. Therefore, reducing the quality of the 

lubrication and decreasing the lifetime of the bearing. 
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Vibration signals are frequently used to diagnose bearing failures [7]. Specific frequency 

components in the vibration signal can be attributed to specific modes of bearing failures. These 

frequency components can be deduced from some basic bearing parameters, such as, number of 

rolling elements, diameter of rolling elements, bearing diameter, etc [7]. Another common 

approach to bearing fault identification is through the so-called sensorless approach [6]. Here, the 

vibration signal is detected through the motor currents without the need to install extra vibration 

sensors, hence, the name sensorless vibration detection. In this method, specific frequency 

components in the current spectrum can be attributed to the specific bearing problems. Again, 

similar to the previous approach some prior knowledge of the geometry of the bearing may be 

required in order to successfully diagnose the bearing [6]. 

1.2.2 STATOR FAULTS 

Similar to induction motor bearings, stator windings are subject to electrical, mechanical, 

and chemical stresses that may result in accelerated winding insulation failures. As mentioned 

above, stator winding failures account for approximately forty percent of all failures associated 

with induction machines. Therefore, this resulted in considerable interest among researchers as to 

the mechanisms behind such stator winding failures [17-20]. Winding insulation is one of the 

weakest components of the stator winding. Accelerated insulation failures typically result from: 

mechanical vibrations, thermal and electrical overloading, voltage surges produced by ac drives, 

as well as chemical contaminants that may interfere with the dielectric properties of the insulating 

material [17].  

Typically, insulation failures can be categorized into three subcategories, namely, inter-

turn, phase-to-ground, and phase-to-phase faults. In the case when the motor is supplied by an ac 

drive the inter-turn insulation failure usually precedes a more serious phase-to-phase or phase-to-
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ground fault condition [17]. Moreover, inter-turn faults are more likely to occur in the first few 

turns of a phase winding. This is because of the higher turn-to-turn voltage gradient in the first 

few turns of the stator phase winding [18]. In other words, the insulation between the turns in the 

beginning of the winding is subjected to higher dielectric stresses, since it is responsible for 

absorption of the initial voltage surge that has a relatively fast rise time, and hence a very high 

dv/dt [19]. Inter-turn insulation failure leads to high values of inter-turn circulating short-circuit 

currents that results in excessive, localized heating, which further damages the winding 

eventually leading to a complete winding failure. 

There are numerous stator winding fault detection and condition monitoring techniques 

described in the literature [17], [22-31]. Furthermore, stator winding diagnostic techniques can be 

divided into two major classes, namely, offline insulation diagnostics [17], [22], [23], when the 

machine is removed from service, and online condition monitoring, where the machine remains in 

operation and its condition is continuously evaluated [25-30]. The offline diagnostics techniques 

range from the simplest resistance measurements to more sophisticated high potential and partial 

discharge methods [17]. Another offline diagnostic technique, which needs to be highlighted, 

considers the transient produced by the machine under the conditions of disconnecting the supply 

from the motor terminals [24]. Meanwhile, the online diagnostic methods are based on motor 

current signature analysis, presented in [25], symmetrical components technique, described in 

[23], pendulous oscillation method, developed in [27], as well as a number of other techniques 

employing advanced signal processing concepts, see [28], have been developed. It should be 

mentioned that other techniques employing specially designed search coils which allow the 

diagnosing of stator faults have also been proposed in [31]. 
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1.2.3 ROTOR FAULTS 

In general, there are three major types of faults that can be associated with the squirrel-

cage rotor structures, namely, inter-laminar currents, sometimes referred to as inter-bar currents 

caused by shorts through the rotor core laminations, rotor end-ring connector breakages, and rotor 

bar breakages. These faults may result from a wide variety of stresses as well as manufacturing 

defects [32-34]. Squirrel-cage rotor structures are subject to harsh environments both electrically, 

and mechanically. Frequent overloading, both thermal and electrical, as well as excessive 

vibrations due to supply voltage unbalances, load variation, and frequent starting transients may 

result in the accelerated failure of squirrel-cage rotor bars and other structural components [33].  

Inter-laminar currents result from the damage to the lamination insulation coating either 

during the manufacturing process or during the operation of the motor. These inter-laminar 

currents typically result in excessive rotor heating, which may in turn lead to a rise in the overall 

motor temperature and, hence, stress other motor components, such as armature winding 

insulation and motor bearings. Moreover, during normal motor operation inter-laminar currents 

may account for as much as one third of all stray load losses of the machine, hence, resulting in 

reduced efficiency [35], [36]. 

Cracked or broken squirrel-cage bar or end-ring connector may result from frequent 

motor starting, thermal and electrical overloading, as well as excessive motor vibrations. These 

faults result in the reduced performance of the machine and may lead to the propagation of the 

fault, which in turn will result in a complete motor failure. Moreover, these faults produce 

undesired torque oscillations (pulsations) that may result in undesired effects on the mechanical 

load, as well as, produce undesired vibrations that may further stress other motor and load 

components [37]. 
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Spectrum analysis of induction machine line currents, also known as motor current 

signature analysis (MCSA), is one of the most commonly used rotor fault diagnostic techniques 

[38-40]. In this technique side-bands adjacent to the supply fundamental frequency component 

are used to diagnose the extent of the fault. This technique was improved through the application 

of more advanced signal processing techniques in [41], [42]. A so-called magnetic field 

pendulous oscillation technique, where time-domain values of motor line currents and voltages 

are used to generate the corresponding space-vectors and the oscillation of the angle between 

these space-vectors is used as the fault index, has been introduced in [43-46]. Model reference 

fault diagnostic techniques, such as the Vienna Monitoring Method, have been described in [47], 

[48]. Other techniques that use external search coils [49], [50], and air-gap torque profile [51], 

[52] to diagnose the health of a squirrel-cage rotor have also been successfully described in the 

literature. 

1.3 THESIS CONTRIBUTION 

In this thesis, faults associated with the rotor of an induction machine will be considered. 

More specifically, effects of adjacent and nonadjacent bar breakages on rotor fault diagnostics in 

squirrel-cage induction machines will be studied. It will be shown that some nonadjacent bar 

breakages may result in the masking of the commonly used fault indices [38-42], [43-46] and, 

hence, this may lead to possible misdiagnosis of the machine. A discussion of the possible 

scenarios of these breakages as well as some conclusions regarding the types of squirrel-cage 

induction machines (number of poles, number of squirrel-cage bars, etc.) that may be more prone 

to these, nonadjacent types of failures will be presented. This discussion will be supported 

through both simulation and experimental results. Moreover, the suitability of a simple 

piezoelectric vibration sensor for motor fault diagnostics will be considered. The major benefit of 
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a piezoelectric vibration sensor is the fact that it does not require an extra power supply and, 

hence, eliminates the need and extra costs of extra power supplies and associated wiring. 

Moreover, piezoelectric type vibration sensors provide excellent sensitivity as well as very high 

bandwidth. 

1.4 THESIS ORGANIZATION 

Including this introductory chapter, this thesis is organized in seven chapters. In the 

second chapter, some basic considerations of squirrel-cage broken-bar faults will be presented. 

More specifically, a simple two-pole eight-bar squirrel-cage induction machine, used before in 

[43-46] for analysis of adjacent broken bars, will be used to visualize the effects of bar breakages 

on the motor magnetic field. Three fault scenarios will be considered, namely, adjacent bar 

breakages, nonadjacent bar breakages separated by one pole pitch, and nonadjacent bar breakages 

separated by half pole pitch. It will be shown that some nonadjacent broken-bar patterns may 

result in the possible masking of such faults. In Chapter 3, more sophisticated rotor fault 

modeling approaches will be presented. A time-stepping finite element induction motor model of 

a 6-pole, 5-hp machine will be used to verify the simple analysis presented in Chapter 2. Also, a 

suitability of a magnetic equivalent circuit model of the same 5-hp motor for emulation of fault 

conditions presented in Chapter 2 will be considered. In Chapter 4, two previously developed 

fault diagnostics techniques, described in [38-40], [43-46], will be reviewed and their application 

to adjacent rotor fault diagnostics will be discussed. In Chapter 5, a simple piezoelectric vibration 

sensor will be used to diagnose rotor faults. In Chapter 6, the simulation and experimental results 

of nonadjacent rotor faults, as well as the corresponding analysis and discussion of these results 

will be presented. Finally, in Chapter 7 conclusions and recommendations will be presented. 
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CHAPTER 2: ROTOR FAULT ANALYSIS 

2.1 INTRODUCTION 

N this chapter a very simple minded qualitative analysis of the effects of both 

adjacent and nonadjacent bar breakages on the magnetic field distribution of the 

induction machine will be presented. Consider a simple 2-pole induction machine with a squirrel-

cage rotor shown in Figure 2-1. For simplicity of argument an 8-bar squirrel-cage design is 

utilized in this analysis. Also, shown in Figure 2-1 are the axes of the rotor current sheet 

represented by the rotating rotor current sheet vector, 
v

cr
I , and the rotor magnetomotive force 

represented by the rotating rotor mmf vector, 
mr

v
F , in ampere-turns per pole. Depicted in Figure 

2-2 is the current sheet produced by the individual squirrel-cage bar currents. This current sheet 

moves in space at synchronous speed, ωsyn, whereas the rotor is moving at the rotor speed, ωr. 

Hence, the relative speed between the rotor current sheet and the squirrel-cage is equal to the slip 

speed. Accordingly, Figures 2-1 and 2-2 provide a snap-shot view of the current sheet and the 

rotor mmf position relative to the squirrel-cage at a given time instant.  As can be seen from 

Figure 2-2, the current sheet axis is aligned with two bars carrying maximum positive and 

negative currents, at locations 3 and 7, whereas the rotor mmf axis, which has the same 

orientation as the rotor mmf vector, 
mr

v
F , is ninety degrees behind the current sheet axis and is 

aligned with the bars carrying zero current, at locations 1 and 5, respectively. 

I 
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Figure 2-1. Simple 8-bar squirrel-cage rotor (Healthy). 
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Figure 2-2. Rotor current sheet (Healthy). 
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There will be two simplifying assumptions used throughout this chapter. First, the bar 

currents are sinusoidally time-varying, resulting in a sinusoidally space-distributed current sheet. 

Second, there will be no axial flux produced as a result of a bar breakage fault in the machine. In 

other words, the magnetic field is strictly two-dimensional, which means that the currents out of 

the bars and into the bars must sum to zero. This assumption stems directly from Gauss’s Law for 

magnetism expressed as follows: 

∫ =⋅

surface

r AdB 0
vv

  (2.1) 

where,  rB
v

, is the radial mid-airgap flux density vector and, Ad
v

 is the vector of differential 

surface area at the mid-airgap. For this squirrel-cage rotor (2.1) can be rewritten as follows: 

∫ ∫ =⋅=⋅

surface surface g

mr
r Ad

h
AdB 00

v
v

vv F
µ   (2.2) 

where, hg, is the airgap height. The expression provided in (2.2) can also be written using 

Ampere’s Law, where the magnetic field produced by the rotor, 
g

mr
r

h
H

F
v

v
= , is integrated over 

closed path represented by a circle at mid-airgap radius as follows [46]: 

( )
( )∫ ∫ ∫

∑
=⋅=⋅=⋅

surface surface surface g

Enclosed

bar

g

mr
r rdA

h

rNI

Ad
h

AdB 0ˆ
2

ˆ

00 µµ
v

v
vv F

  (2.3) 

where, N, is the number of rotor turns, which is equal to one per bar in a squirrel-cage rotor, and 

Ibar are the currents carried by each of the rotor bars. That is, the number of rotor current loops is 

equal to the number of rotor bars in a squirrel-cage rotor. 
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2.2 ROTOR WITH ONE BROKEN BAR 

Here, the effects of one broken bar on the current sheet and rotor mmf are considered. As 

one can see from Figure 2-3 there are four possible locations 1, 3, 5, and 7 where bar breakage 

will not result in any dislocation of the current sheet axis and hence will not produce a rotor mmf 

reorientation. When the broken bar reaches location 1 or 5 it does not result in any shift of the 

current sheet axis because the current that is supposed to be carried by the healthy bar at this 

location is negligible. Moreover, when the broken bar reaches location 3 or 7 it does not produce 

any axis shift due to the fact that the currents in the remaining (healthy) bars will redistribute to 

preserve the original, healthy, axis location. Accordingly, the remaining four locations of the bar 

breakage, namely 2, 4, 6, and 8, will result in a current sheet axis shift which in turn will produce 

a shift in rotor mmf (or magnetic field) axis. It should be noted that the fact that there are four 

instances in a slip cycle where the current sheet axis aligns with a healthy current sheet axis leads 

to the oscillation around the healthy axis at twice the slip frequency. Depicted in Figure 2-4 is the 

corresponding current sheet under the conditions of one broken rotor bar at a time instant when 

the broken bar reaches location 4. From Figure 2-4 one should notice that when the breakage 

reaches location 4 it results in the shift of the so-called magnetic axis of symmetry in the positive 

half waveform of the current sheet by the angle, ∆γ, which in turn results in the shift of both the 

overall current sheet and mmf axes by ∆δ. The maximum shift of the rotor mmf axis, ∆δ, was 

defined in [43-46] as the swing angle and can be calculated through computation of voltage and 

current space vectors using standard line current and voltage measurements [43-46]. As was 

mentioned earlier this shifting of the current sheet and mmf axes takes place four times during 

one slip cycle and reaches its maximum absolute value at four locations, namely 2, 4, 6, and 8. 
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Figure 2-3. Simple 8-bar squirrel-cage rotor (Broken bar at location 4). 
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Figure 2-4. Rotor current sheet (Broken bar at location 4). 
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2.3 ROTOR WITH NONADJACENT BAR BRAKAGES 

In this section nonadjacent bar breakages will be considered. More specifically, 

breakages separated by a half pole-pitch and one pole-pitch are being considered here, where a 

pole-pitch measure is considered to be equal to the number of rotor bars per pole. It will be shown 

that these two nonadjacent breakage scenarios represent two special cases that will provide the 

basis for understanding the effects of other nonadjacent rotor bar breakages on motor 

performance, and ease or difficulty in diagnosing such bar breakages.  

2.3.1 HALF POLE-PITCH  

Here, the effects of two broken bars, separated by a half pole-pitch (90
o
 electrical), on the 

rotor current sheet and rotor mmf will be considered. Using the example of the simple 8-bar cage, 

the effects of two nonadjacent breakages separated by 90
o
 are shown in Figure 2-5. At the time 

instant depicted in Figures 2-5 and 2-6 the broken bars are at location 2 and 4. As one can see 

from Figures 2-5 and 2-6 the current sheet axis in the positive half waveform in the case of two 

broken bars separated by half a pole-pitch is congruent with the current sheet axis in the positive 

half waveform of the healthy case. Moreover, the axes of the current sheet and mmf will remain 

congruent with the axes of the healthy case throughout a slip cycle producing no detectable rotor 

mmf oscillation as a result of the fault, hence, significantly reducing chances to successfully 

diagnose such a fault. This fault scenario represents the first special case of nonadjacent rotor 

faults. Moreover, chances of successful diagnosis, when the separation between the nonadjacent 

bar breakages approaches half pole-pitch, are significantly reduced. It should be noted that a 

similar masking effect on the fault indices of motor current signature analysis as well as on one of 

the model reference diagnostic techniques known as Vienna Method has been observed earlier in 

[42] and [48], respectively. However, the explanation of the mechanisms behind the masking 
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effect presented in [48] leaves something to be desired in the sense that it is claimed that the 

maximum disturbance of the rotor magnetic field occurs when the broken bar is at location, where 

in the healthy case, this bar is supposed to carry the highest current. Referring back to Figure 2-2 

that would mean that the maximum detectable disturbance of the rotor magnetic field will occur 

at location 3 or 7, however, it is not the case as was shown in the previous section. Moreover, 

more concrete evidence verifying the analysis presented in this chapter will be presented in the 

following chapters both from time-stepping finite element and magnetic equivalent circuit 

models, as well as from experimental results. 
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Figure 2-5. Simple 8-bar squirrel-cage rotor (Broken bars at locations 2 and 4). 
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rω

 

Figure 2-6. Rotor current sheet (Broken bars at locations 2 and 4). 

2.3.2 ONE POLE-PITCH  

Here, the effects of two broken bars, separated by one pole-pitch (180
o
 electrical), on the 

rotor current sheet and rotor mmf will be considered. As can be seen from Figures 2-7 and 2-8 the 

current sheet symmetry axes in the positive and negative half waveforms in the case of two 

broken bars separated by one pole-pitch are shifted by an angle, ∆γ, from the healthy axes 

resulting in the overall shift of the rotor mmf. Hence, two breakages separated by one pole-pitch 

will result in the oscillation of the rotor mmf with a maximum value of the swing angle equal to 

∆δ= ∆γ. It can also be shown that this shift is identical to the shift produced by the two adjacent 

bar breakages, hence, resulting in the same values of fault indices. This fault scenario represents 

the second special case of nonadjacent rotor faults. In the case when the separation between the 

nonadjacent bar breakages approaches one pole-pitch, the rotor mmf appears to be disturbed in 

the same way as in the case of an adjacent fault. Accordingly, from this simple analysis it appears 

that there will be no masking effect manifested in the case when bar breakages are separated by a 

complete pole-pitch. 
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Figure 2-7. Simple 8-bar squirrel-cage rotor (Broken bars at locations 4 and 8). 
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Figure 2-8. Rotor current sheet (Broken bars at locations 4 and 8). 
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In summary, this chapter presented a simple model that can be used to visualize effects 

produced by rotor bar breakages on the squirrel-cage rotor spatial current distribution and the 

corresponding rotor mmf. It should be stressed that this simple qualitative approach to rotor fault 

visualization resulted from extensive fault simulation using magnetic equivalent circuit models 

(MEC) and time-stepping finite element (TSFE) analysis, details of which will be given in a later 

chapter of this thesis. Moreover, from the analysis presented above, it should be observed that a 

rotor bar breakage results in a slight reduction of the magnitude of rotor mmf, however, more 

importantly it results in the oscillation of the rotor mmf, which in turn produces the detectable 

magnetic field disturbance. This field disturbance may manifest itself in a number of ways that 

can be used to detect such a fault. More specifically, it reflects itself in the stator currents by 

modulating the amplitudes of line currents. It also produces detectable torque oscillations, which 

may in turn result in consequent speed oscillations. More on these aspects will be discussed in 

later chapters. 
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CHAPTER 3: INDUCTION MACHINE MODELING 

3.1 INTRODUCTION 

 UMEROUS induction machine models have been developed over the years [53-

74]. These models range from the simplest T-equivalent circuit models, described 

in [53-55], and [60], to more sophisticated ones such as: multiple coupled circuit models where 

inductances are calculated using the winding function approach [61-66], magnetic equivalent 

circuit models, also known as the permeance network models, [67-74], and the finite element 

models [34], [75], [76]. Application of the specific model to a specific task depends on the level 

of desired accuracy, computational time, as well as on the complexity of the physical phenomena 

that need to be studied and included in the solution.  

For example, the T-equivalent circuit model can be used to simulate the machine under 

steady-state conditions. However, when such a model is used to simulate the starting transient or 

sudden load change scenarios it can only provide one with an average solution. Moreover, the 

validity of this model becomes highly questionable when the motor is supplied by a power 

electronic device, such as, an ac inverter.  

More sophisticated abc flux-linkage and/or current frame of reference models that may 

account for effects of the space-harmonics as well as their interaction with an ac inverter induced 

N
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time-harmonics have also been developed [53-59]. In these models the information about the 

space-harmonics has to be obtained prior to the simulation through either analytical or static finite 

element simulation means [77]. It should also be mentioned that in some of these models it is 

assumed that the rotor of a squirrel-cage induction machine behaves as an equivalent three-phase 

winding. One of the more well known simplification to these models that allows one to include 

the space-harmonics of up to the second order is a well know dq0 induction machine model [53], 

[54], [57-59]. This model is widely used in the ac drive industry due to its relative simplicity, 

good accuracy, and more importantly fast execution time. The latter property is of crucial 

importance to the ac drive designers since it allows one to apply this model in a microcontroller 

based control algorithm of an ac drive. Moreover, the parameters of this model can be estimated 

through the standard motor tests, such as, the no-load and locked-rotor tests. Hence, this model is 

considered a good choice in the task of programming the control of the induction machine’s 

speed and torque production. 

Multiple coupled circuit models based on the winding function approach have been 

developed in [61-63]. These models allow one to incorporate the space-harmonics produced as a 

result of nonsinusoidally distributed mmfs of stator and rotor windings. In this modeling approach 

various mutual and self inductances are calculated based on the machine geometry and winding 

layout. It should be noted that this model is similar to the abc flux-linkage/current frame of 

reference model in the sense that some inductance terms are time-varying. However, here the 

assumption of squirrel-cage rotor behaving as an equivalent three-phase winding is no longer 

necessary. Hence, the order of the model can be significantly increased to account for additional 

states associated with squirrel-cage rotors leading to increased accuracy of the model. The 

increase in the number of states accounting for the individual squirrel-cage rotor loops makes this 

model suitable for squirrel-cage rotor fault modeling [62]. Moreover, this model can be extended 
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to model stator winding faults as has been shown in [64]. Also, provided in this model is a 

consistent approach to calculation of the various machine parameters based on the geometry and 

winding layout through the use of air gap winding functions [61-66]. There are two types of 

parameters that exist in this model, time-varying mutual inductances between stator and rotor 

circuits that are constantly updated during the simulation process, and various leakage 

inductances, which can be calculated prior to the simulation. The winding function approach used 

to calculate the parameters of this model has been extended to include the effects of rotor skewing 

[65], as well as partially account for saturation effects [66]. 

In this thesis two models are used to simulate squirrel-cage rotor faults, namely, a 

magnetic equivalent circuit model and time-stepping finite element model. The magnetic 

equivalent circuit (MEC) model allows one to incorporate space-harmonics due to discrete 

winding distribution, stator and rotor slotting, as well as the saliency effect caused by saturation 

of the magnetic material [67-74]. Moreover, the deep-bar effect, also known as the skin effect, 

can be included in the solution to provide a more realistic transient model of the machine [68]. 

The magnetic equivalent circuit model provides reasonably accurate results and relatively small 

computation time, when compared to the time-stepping finite element (TSFE) model. Finite 

element models in general provide a higher degree of space discretization, and hence a more 

accurate solution, when compared to the MEC approach. However, the computational time 

required by a finite element model is significantly increased due to its complexity. Nevertheless, 

time-stepping finite element analysis is a useful tool in fault diagnostics studies, as was shown in 

[34] and [77]. Implementation of the MEC and TSFE models will be discussed in more detail in 

the following sections. 
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3.2 MAGNETIC EQUIVALENT CIRCUIT MODEL 

In this section development of the magnetic equivalent circuit (MEC) model for fault 

simulation studies will be discussed. As was previously mentioned, the MEC model allows one to 

account for effects associated with the discrete winding distribution, rotor/stator slotting and 

skewing, as well as the saturation effects, resulting from the nonlinear magnetic material 

properties. Similar to the finite element modeling approach, the space discretization of the 

machine can be increased in order to provide more accurate results [68]. The MEC modeling 

approach has been successfully used to model a variety of electric machines under various 

healthy and faulty conditions [67-74]. More specifically, the MEC modeling approach has been 

used to model induction machines under a variety of steady-state and transient conditions in [67-

70]. A three-dimensional MEC model has been used in the study of inter-bar currents and the 

resulting axial fluxes in healthy and faulty induction machines in [73]. In [74] the MEC model 

has been shown to yield accurate results under a variety of operating conditions: no-load, rated-

load, unbalanced excitation, and broken end-ring conditions. It should be noted that in this thesis 

the formulation of the MEC model developed in [67-70] will be used, since in the opinion of this 

author, it provides a more consistent and logical approach to development of the model. 

The concept of magnetic circuits has been extensively used in engineering practice due to 

its resemblance to dc electric circuits’ analysis. More specifically, magnetic circuits could be 

analyzed using the same basic principles defined by Kirchhoff’s Laws. The use of magnetic 

circuits, as well as the application of Kirchhoff’s Laws in electric circuits, is possible because of 

several assumptions. Namely, for magnetic circuits it is assumed that a change in the coil current 

produces an immediate corresponding change in magnetic flux. Furthermore, magnetic flux 

propagates instantly throughout the magnetic circuit, meaning that no wave propagation 

phenomenon exists. This is similar to the assumption used for electric circuits that all changes in 
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the circuit take place simultaneously, when Kirchhoff’s Laws are to be utilized for circuit 

analysis. In other words, these assumptions state that the time needed for the electromagnetic 

wave to propagate through the magnetic device or electrical circuit is negligible in comparison to 

the period of the wave. This is similar to stating that the dimensions of the magnetic device or an 

electric circuit to be studied have to be much less than the wavelength of the electromagnetic 

wave for the Kirchhoff’s Laws to be valid. In terms of Maxwell’s Equations this means that the 

equations can be simplified as will be shown next. Starting with the original set of Maxwell’s 

Equations: 

 
t
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JH

∂

∂
+=×∇

v
vv

 (Ampere’s Law with Maxwell’s modification) (3.1)  
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v

      (Gauss’ Law for Magnetism)        (3.2)  
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  (Faraday’s Law)             (3.3) 

ρ=⋅∇ D
v

    (Gauss’ Law)     (3.4)              

The auxiliary equations relating the magnetic flux density, B
v

, and magnetic field intensity, H
v

, 

and relating the electric, E
v

, to the displacement field, D
v

, and current density, J
v

, are provided in 

equations (3.5) through (3.7) below. 

HB
vv

 µ=         (3.5) 

ED
vv

 ε=         (3.6) 

EJ
vv

 σ=         (3.7) 

  Considering the right hand side of (3.1), in most low-frequency applications where the 

capacitive coupling is insignificant it is safe to assume that the displacement current density, 
t

D

∂

∂
v

, 

can be neglected. This assumption is valid in most situations where conduction current is 
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dominant and the operational frequencies are low [55], which is the case here in this work. 

Hence, the set of Maxwell’s Equations can be reduced to the following: 

JH
vv

=×∇  (Ampere’s Law original definition)   (3.8)  

0=⋅∇ B
v

 (Gauss’ Law for Magnetism)     (3.9)             
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∂

∂
−=×∇

v
v

 (Faraday’s Law)     (3.10)                       

In magnetic equivalent circuits only two of the remaining Maxwell’s Equations are utilized, 

namely, Ampere’s Law in its original definition (3.8), and Gauss’ Law (3.9). The third equation, 

Faraday’s Law, (3.10) is used to account for the effects that the changing flux might have on the 

coil current. In other words, along with equation (3.8), equation (3.10) provides the means of 

connecting the magnetic equivalent circuit to the outside world, e.g., electric circuitry that may be 

connected to the terminals of the device. Now using a simple example provided in [55] consider a 

magnetic device such as the one shown in Figure 3-1. 

 

 
Figure 3-1. Simple magnetic device. 

Here, considering Ampere’s Law in its integral form provided in (3.11) one can define the 

magnetomotive force (mmf), F , sometimes referred to as magnetic scalar potential.  

F==∫ NIdlH

C

v
        (3.11) 
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For a closed path, l, one can simplify (3.11) as follows: 

Hl=F         (3.12) 

This equation can be rewritten in terms of the flux density, B, as follows: 

l
B

or µµ
=F         (3.13) 

where, µr, is relative permeability and, µo, is permeability of free space. Meanwhile, (3.13) can be 

expressed in terms of magnetic flux, Φ, as follows: 









Φ=

A

l

or µµ
F        (3.14) 

where, A, is the cross-sectional area of the core perpendicular to the flux density direction. Now, 

it is possible to define a reluctance, ℜ , and a permeance, P, as given in (3.15) and (3.16), 

respectively.  

A

l

or µµ
=

Φ
=ℜ
F

       (3.15) 

l

Aor µµ
=

ℜ
=Ρ

1
       (3.16) 

It should be noted that it assumed that the flux in the core of the device, depicted in Figure 3-1, is 

uniformly distributed across the cross-section of the core. Moreover, it is also assumed that all 

magnetic flux produce by the coil is confined to the core. However, it should also be mentioned 

that these assumptions can be eliminated if the space discritization of the device is increased. In 

other words, increasing the number of reluctance/permeance elements characterizing the 

magnetic device can increase the accuracy of the solution. Also, from the above discussion one 

should note the similarity between the magnetic and resistive electric circuits, which can also be 

seen from the schematic in Figure 3-2. 
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Figure 3-2. Magnetic equivalent circuit representation of a simple magnetic device. 

Moreover, the above discussion can be extended to show the corresponding similarities between 

Ampere’s Law and Kirchhoff’s Voltage Law, and Gauss’ Law and Kirchhoff’s Current Law, 

when applied to the magnetic equivalent circuits. Hence, the reader should be convinced that the 

magnetic properties of the problem depicted in Figures 3-1 and 3-2 can be characterized by a set 

of algebraic equations. However, in the case of a time-varying coil current Faraday’s Law, (3.10), 

has to be invoked to account for the interaction between the electric and magnetic circuits. 

A cross-section of a 5-hp squirrel-cage induction machine that will be studied in this 

thesis is depicted in Figure 3-3. This machine has six poles, 36 stator and 45 rotor slots. It has a 

double-layer stator winding with the layout shown in Figure 3-4. In Figure 3-4 “Top” refers to the 

part of the stator slot closest to the air gap, whereas “Bottom” refers to the part of the slot closest 

to the back iron. Moreover, this machine has two coils per pole per phase, a total of 36 coils, with 

20 turns per coil. Also, provided in Figures 3-5 and 3-6 are the close-up views of the stator and 

rotor slots. Here, it should be noted that not all of the dimensions required to completely 

characterize the geometry of the slots are included in the drawings. The reason for this stems 

from the fact that the shapes of the slots will be simplified for the purpose of calculation of 

reluctances/permeances as will be given in further analysis. 
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Figure 3-3. Cross-section of the 5-hp squirrel-cage induction machine. 
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Figure 3-4. Stator winding layout of the 5-hp squirrel-cage induction machine. 
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Figure 3-5. Stator slot of the 5-hp induction machine. 
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Figure 3-6. Rotor slot of the 5-hp induction machine. 
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A stator slot with a double-layer winding, depicted in Figures 3-4 and 3-5, can be 

represented by a magnetic equivalent circuit shown in Figure 3-7. In this magnetic equivalent 

circuit representation, i TANSℜ , is the tangential leakage reluctance of the inner stator layer and, 

o TANSℜ , is the tangential leakage reluctance of the outer layer. Meanwhile, the teeth of the stator 

are divided into two reluctances, i TOOTHSℜ , for the upper part of the tooth and, o TOOTHSℜ , for the 

lower part of the tooth. Moreover, the effect of the current carried by every coil side in the slot 

can be accounted for by the mmf sources, shown in Figure 3-7. Here, i SF , is the mmf produced 

by the coil side in the inner layer whereas, o SF , is the mmf produced by the coil side in the outer 

layer. Meanwhile, the backiron can be characterized by a single reluctance value, 
YOKESℜ . It 

should be noted that index, m, is used here to distinguish between the individual stator tooth 

reluctances, which may vary from tooth to tooth if saturation needs to be considered. As was 

shown in [68], the magnetic equivalent circuit described above can be simplified as depicted in 

Figure 3-8. In the magnetic circuit of Figure 3-8 every stator tooth is represented by a single tooth 

reluctance, 
TOOTHSℜ , and a single mmf source, SF . Moreover, the stator slot tangential leakage 

reluctance is lumped into a single reluctance term, 
TANSℜ . It should be mentioned that the stator 

slot tangential leakage reluctance, 
TANSℜ , is a function of the slot geometry only and hence will 

remain constant during the operation of the machine. In this magnetic circuit representation of the 

stator slot it is assumed that the magnetic flux can flow in either of the two directions, namely, 

radial and/or tangential, as shown in Figures 3-7 and 3-8. Meanwhile, mmf sources are placed in 

the stator teeth in order to represent the effect of the current carrying coil sides. Also, the 

reluctance values representing the regions of the stator where the magnetic material is present, 

namely, i TOOTHSℜ , o TOOTHSℜ , and, 
YOKESℜ , of Figure 3-7, and 

TOOTHSℜ , 
YOKESℜ , of Figure 3-8 can 

be varied depending on the value of the flux density. Therefore, varying these reluctances, 

depending on the value of the flux density enables one to capture the effects of local saturation of 

the magnetic material in the stator teeth in the solution. These reluctances have been defined in 

[68] as inherently nonlinear.  
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Figure 3-7. MEC representation of a double-layer stator winding. 
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Figure 3-8. Simplified MEC representation of a double-layer stator winding. 
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The rotor slot design depicted in Figure 3-6 is typical of squirrel-cage induction machines 

that provide good rated load performance (high power factor, high efficiency, low slip, etc.) while 

providing an acceptable starting performance (high starting torque, low starting current, etc.). 

This is possible due to the deep-bar rotor slot design, which provides an increase of rotor 

impedance at starting, hence, increasing the starting torque and reducing the starting current, 

while also providing low rotor impedance at rated conditions resulting in relatively good 

performance at rated load conditions. This is possible because of the so-called deep-bar effect, 

also know as the skin effect. This deep-bar effect results in the increase of the rotor impedance at 

starting when the frequency of rotor currents is high. Meanwhile, the rotor impedance decreases, 

as the rotor speed approaches the synchronous speed, because of the corresponding decrease of 

the frequency of rotor currents. This variation of the rotor impedance has to be accounted for in 

the model in order to provide an accurate solution of the transient operation of the machine. More 

specifically, the deep-bar effect has to be included in the solution when accurate studies of the 

starting transients need to be performed. However, this deep-bar effect can be neglected if the 

machine is simulated under steady-state operation. Moreover, the deep-bar effect can also be 

neglected if the machine is supplied by a close-loop ac drive because of the fact that the speed of 

the rotor is always varied (due to the drive’s controller action) such that the difference between 

the rotor speed and the synchronous speed (commanded by the drive) is low, hence, resulting in 

the low frequency rotor currents. It has been shown in [68] that the deep-bar effect can be 

modeled using magnetic equivalent circuit technique by dividing the rotor slot into a number of 

layers, as depicted in Figure 3-9. From Figure 3-9 it should be observed that the lower, i
th
, layer is 

linked by the highest magnetic flux, hence, the i
th
 layer has the highest value of leakage 

inductance. At low rotor speeds (high rotor current frequency) this results in the high values of i
th
 

layer leakage reactance increasing the overall impedance of this layer. Moreover, this means that 

at low rotor speeds the current tends to crowd in the top layers of the slot. One should also 
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observe that in Figure 3-9 there are two types of reluctances, namely, inherently nonlinear 

reluctances, which depend on the value of the magnetic flux density, and constant reluctances, 

which are independent of the flux density [68]. Again, in Figure 3-9, the index, n, is used to 

distinguish between the individual rotor teeth.  

In this thesis, however, a simplified rotor slot magnetic equivalent representation will be 

used. This model is depicted in Figure 3-10. As can be observed from Figure 3-10, this model of 

the rotor slot does not allow one to directly incorporate the deep-bar effect in the magnetic 

solution of the machine. In this thesis, this author opted for the use of an analytical approach 

where rotor impedance will be calculated based on the rotor speed and some basic rotor slot 

dimensions. This allows one to significantly reduce the order of the magnetic equivalent circuit 

model while still providing acceptable accuracy in simulations of the transient machine operation. 

It has been shown in [57] that for very narrow rectangular rotor slot the impedance as a function 

of frequency can be approximated as follows: 
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where, 
910

2
ρ

πα
rf

= , 

Rdc = dc rotor slot resistance, [Ω], 

d = depth of the slot [cm], 

r = ratio of bar width to slot width, 

f = slip frequency, [Hz], 

ρ = resistivity of the conducting material [Ω-cm]. 

Again, it should be stressed here that it is assumed that the rotor slot can be approximate as a 

narrow rectangular slot surrounded by a core of infinite permeability. Meanwhile, in the MEC 

representation of the machine, more realistic slot geometry and value of core permeability are 

used for reluctance calculations. 
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Figure 3-9. MEC representation of a rotor slot (with deep-bar effect). 
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Figure 3-10. Simplified MEC representation of a rotor slot (without deep-bar effect). 
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Now that both the stator and rotor slot magnetic equivalent circuits are defined a 

complete magnetic equivalent circuit model of the induction machine can be assembled. This 

model is depicted in Figure 3-11. In this figure, air gap reluctances are included to provide the 

coupling between the rotor and the stator teeth. It should be noted that electromechanical energy 

conversion takes place in the air gap; hence, it is crucial to model the air gap reluctances as 

accurately as possible. Moreover, from Figure 3-11 it should be noted that the MEC model is 

assembled such that every tooth on the stator is coupled to every tooth on the rotor, and vice 

versa. It should also be noted that the air gap reluctance represents the third and the last class of 

the reluctances used in the induction machine’s MEC modeling [68]. These reluctances are 

referred to as parametric nonlinear reluctances in [68]. This is because these reluctances depend 

on relative position between the corresponding stator and rotor teeth. Hence, unlike in the case of 

inherently nonlinear reluctances, where the value of reluctance is a function of magnetic flux 

density, here in the case of nonlinear parametric reluctances the value of reluctance is a function 

of geometry (relative position of the rotor with respect to the stator). More specifically, air gap 

reluctance is a function of the area of overlap of stator and rotor teeth. The air gap reluctance 

modeling is discussed in detail in the Appendix of this thesis. It should also be mentioned that 

from this point on all reluctances will be replaced with corresponding permeances. The reason for 

this stems from the fact that in the further analysis the node-potential method will be used to 

solve the magnetic equivalent circuit model. Therefore, to avoid possible numerical difficulties in 

a computer simulation associated with possibilities of dealing with infinite air gap reluctances one 

should inverse the reluctance values to obtain the corresponding permeance values. It should be 

noted that radial leakage flux can also be accounted for in the MEC representation of the stator 

and rotor slots. However, it has been shown in [70] that the effect of the radial leakage flux on the 

performance of the machine is insignificant and can be ignored. This also results in the significant 

simplification of the node-potential analysis that will be shown next. 
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Figure 3-11. MEC representation of the 5-hp induction machine (with closed rotor slot). 
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 From Figure 3-11 one can proceed with the development of the system of algebraic 

equations. As was mentioned earlier, the node-potential method will be used to generate the 

required equations. The nodes used to generate the equations are: 
(m)1F , 

(m)2F , 
(n)3F , 

(n)4F , where 

the index, m, identifies a stator tooth and the index, n, is used to identify a specific rotor tooth. 

Hence, in the case-study motor with 36 stator slots and 45 rotor slots, the index, m, varies from 1 

to 36, and the index, n, varies from 1 to 45. Considering Figure 3-11 with the reluctances 

substituted with the corresponding permeances, one can develop four sets of nodal equations. 

Considering node, 
(m)1F , one can write the following:  

0 )( )(
)(1)(m(m)(m) YOKE1)-(m(m)1)-(m YOKE 1111 =Φ+−+−

+ mSSS PP FFFF     (3.18) 

Meanwhile, considering node, 
(m)2F , one can write the following: 
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Considering node, 
(n)3F , one can write the following: 
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Finally, considering node, 
(n)4F , one can write the following: 

0 )( )(
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+ nRRR PP FFFF      (3.21) 

Equations (3.18) through (3.21) can be rewritten as follows: 
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+

FFF    (3.25) 

Here, NS, refers to the number of stator slots (36 slots for the case at hand), whereas, NR, refers to 

the number of rotor slots (45 slots for the case at hand). One could proceed to form the rest of the 

node-potential equations for every node in the MEC model. Based on these equations one could 

write the permeance matrices representing the interconnection between the various nodes. 

Consequently, considering Figure 3-11 along with the equations (3.22) through (3.25), the 

matrices give in (3.26) through (3.31) can be formed by inspection.  

From equation (3.22) along with other equations describing the nodal potentials in the 

stator’s backiron/yoke one can form a matrix of permeances interconnecting the nodes in stator 

backiron/yoke, 11A , provided in (3.26). The matrix of permeances connecting the nodes in the 

stator tooth tips, 22A , can be formed from equation (3.23) and is given in (3.27). Also, from 

equation (3.23) it is possible to form a matrix of the air gap permeances, 23A , interconnecting 

nodes in the stator and rotor tooth tips, provided in (3.28). It should be noticed that the matrix, 

23A , has dimensions of NS × NR. From equation (3.24), along with the equations describing other 

rotor tooth tip nodal mmf potentials, one can assemble a matrix of permeances interconnecting 

nodes in the rotor tooth tips, 33A , given in (3.30). Also, from equation (3.24), along with other 

equations for the nodes in the rotor tooth tips, it is possible to form a matrix interconnecting the 

rotor teeth and stator teeth, 32A , given in (3.29). This matrix can also be obtained by transposing 

the matrix, 23A . Meanwhile, from equation (3.25) one can also write a permeance matrix 

interconnecting the nodes in the backiron/yoke of the rotor, 44A , see equation (3.31).
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These matrices along with the vectors of nodal potentials (mmfs) and stator and rotor teeth fluxes, 

provided in (3.32) through (3.37), form a complete magnetic circuit model, given in (3.38). It 

should be noticed that the potential at node, 
1)-(4

RN
F , is set to zero for reference purposes [68]. 

Also, from (3.38) one can see that the first and the last rows are not coupled to the second and the 

third rows. This is possible because of elimination of the radial stator and rotor slot leakage and 

will result in the consequent simplification of the overall problem, as has been shown earlier in 

[70]. 
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Now, in order to provide a relationship between the nodal mmf vectors, 
1

FFFF , 
2

FFFF , 
3

FFFF , 
4

FFFF , and 

the corresponding individual stator and rotor tooth mmf vectors, 
S

F , 
R

F , produced by the 

current carrying coil sides, two additional sets of equations have to be introduced. From Figure 3-

11 these equations can be written as follows: 

SSS
Φℜ+−=

12
FFFFFFFFFFFF     (3.39) 

RRR
Φℜ−−=

'

43
FFFFFFFFFFFF     (3.40) 

where, T
4444

'

4
]0 [

1)-((3)(2)(1) RN
FFFF L=FFFF . Also, 

S
ℜ , and, 

R
ℜ , are diagonal matrices 
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of the stator and rotor tooth reluctances. These matrices are given in equations (3.41) and (3.42). 
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 In the above discussion a structure of the magnetic equivalent model representation of a 

squirrel-cage induction machine has been presented. However, in order to make this model useful 

for simulation purposes the mmf sources in the stator and rotor teeth have to be related to the 

stator phase currents and rotor bar currents. In addition, the individual stator and rotor teeth fluxes 

have to be related to the stator and rotor teeth fluxes. Moreover, one has to account for the 

interaction between the magnetic and electric circuits. This means that a set of differential 

equations has to be included to account for the interaction between the two circuits. From the 

stand point of Maxwell’s Equations this means that one has to invoke Faraday’s Law to provide 

coupling between the magnetic and electric circuits. This interdependence of electric and 

magnetic circuits is depicted in block diagram in Figure 3-12. As one can see from Figure 3-12 

there are four inputs from the electrical system into the MEC block, namely, three stator flux 

linkages and a vector of NR rotor flux linkages. Moreover, the MEC block has four electrical 

outputs, namely, three stator phase currents and one vector of NR rotor currents. It should be noted 

that block diagram of Figure 3-12 is incomplete, since it does not show the interdependence of 

the MEC model and the mechanical system. These relationships will be developed later in this 
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chapter. Meanwhile, in order to solve the system of algebraic equations of equation (3.38) one 

needs to provide NS stator tooth fluxes. Accordingly, a relationship between the stator phase flux 

linkages and the individual stator tooth fluxes has to be derived. Also, a relationship between the 

NS stator and NR rotor tooth mmfs and three stator phase currents and NR rotor currents has to be 

derived. 

( ) a s aV r i dt−∫

( )dtirV bsb  ∫ −

( ) dtirV csc  ∫ −

( ) dtRR  ∫ iR

aλ

bλ

cλ

Rλ

ai

bi

ci

Ri

aV

bV

cV

 

Figure 3-12. Block diagram of a squirrel-cage induction machine MEC model (without Mechanical 

System). 

In order to derive a relationship between the stator phase flux linkages, λa, λb, λc, and the 

individual stator tooth fluxes, SΦ , one has to consider the stator winding layout provided in 

Figure 3-4 from which Figure 3-13 is generated for the purposes at hand. An analytical approach 

to developing a relationship between the stator phase flux linkages and individual stator tooth 

fluxes based on parameters such as: the type of the winding, the number of slots, the number coils 

per phase per slot, the winding connection, etc., has been developed in [68]. In this thesis, 

however, a graphical approach based on Figure 3-4 will be used. This approach is chosen because 

it allows one to visualize flux distribution in the machine. It should be noted, however, that the 

analytical approach developed in [68] is a generalized version of the technique used here. Shown 

in Figure 3-13 is a winding layout for the first twelve stator slots (one pole span). Also, shown in 

Figure 3-13 are the individual tooth fluxes and mmfs produced by phases a, b, and c.
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Figure 3-13. Stator winding layout and mmf distribution of phases a, b, and c. 
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Considering Figure 3-13, and taking into account which individual tooth flux links which coil on 

a one by one basis, one can write the following relationships between the stator phase flux 

linkages and the stator tooth fluxes as follows: 

))1(...2222(
)()6()5()4()3()2()1( NsSSSSSSSa N Φ−+Φ+Φ+Φ+Φ+Φ+Φ=λ    (3.43) 

))2(...2)1()2()2()2((
)()6()5()4()3()2()1( NsSSSSSSSb N Φ−+Φ+Φ+Φ−+Φ−+Φ−+Φ−=λ  (3.44) 

)2...)2()2()2()1(2(
)()6()5()4()3()2()1( NsSSSSSSSc N Φ+Φ−+Φ−+Φ−+Φ−+Φ+Φ=λ   (3.45) 

where, N, is the number of turns per coil. These relationships can be rewritten in matrix notation 

as given below in (3.46). 
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In short matrix form (3.46) can be rewritten as follows: 

Sabc N Φwλ
'

=       (3.47) 

where the matrix, 
'

w , has been defined as flux connection matrix in [68]. It should be noticed 

that flux connection matrix, 
'

w , is not square and hence cannot be inverted. This means that it is 

impossible to obtain individual stator tooth fluxes from the knowledge of phase flux linkages 

alone. The solution to this problem will be discussed later in this chapter. 

 Again, considering Figure 3-13 along with a complete winding layout of Figure 3-4 one 

can derive a relationship between the stator phase currents, ia, ib, ic, and the individual tooth 

mmfs, 
S

FFFF , as given below in (3.48) through (3.50). 
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These relationships can be rewritten in matrix notation as given below in (3.51). 
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In short matrix notation (3.51) can be rewritten as follows: 

abcS
iw

''
=FFFF       (3.52) 

where the matrix, 

T

''

2222212
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
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
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




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=
L
L
L

Nw , was defined as the mmf 

connection matrix in [68]. Again, it should be noticed that matrix, 
''

w , is not a square one. 

Therefore, it is impossible to obtain stator phase currents directly from the individual stator teeth 

mmfs. 

A similar procedure can be used to develop relationships for the squirrel-cage rotor. Here, 

the procedure is greatly simplified due to simplicity of the squirrel-cage rotor design. In a 

squirrel-cage rotor, the teeth fluxes, RΦ , are equal to the rotor loop flux linkages, Rλ , because of 

the fact that the number of turns is equal to one for all the rotor circuits. Meanwhile, rotor teeth 

mmfs, 
R

F , are equal to the  rotor loop currents. This can also be seen from Figure 3-14. It 
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should be noted that in Figure 3-14 the loop currents are depicted such that they produce rotor 

teeth mmfs opposing the teeth fluxes penetrating from the stator. This represents the real physical 

situation in the machine where rotor currents, according to Faraday’s Law, are responsible for the 

producing mmfs that oppose the magnetization effect of the stator currents. 

r b
 (
N
r-
1
)

)( RNRΦ
)1(RΦ

)2(RΦ

r b
 (
N
r)

r b
 (
1
)

r b
 (
2
)

 

Figure 3-14. Rotor squirrel-cage showing rotor loop currents and teeth fluxes. 

The rotor circuits are externally excited by fluxes imposed by the stator excitation. These rotor 

circuits react (Faraday’s reaction) to these external excitations. Thus, here 
)1(RΦ  through 

)( RNRΦ  

are the sum of the externally imposed flux by the stator and the flux produced by the reaction of 

the rotor circuits. Accordingly, the corresponding rotor differential equations can be developed 

from Figure 3-14 as shown in equations (3.53) through (3.55). 
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      . 

      .  

      . 

)()1()1()()()1()(
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d

dt

d
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Φ
=

−−

λ
 (3.55) 

The system of equation in (3.53) through (3.55) can be rewritten as follows in (3.56) through 

(3.58). 
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The system of equations in (3.56) through (3.58) can be rewritten in the short matrix form as 

follows: 

RR
RR

dt

d

dt

d
iR

Φλ
==        (3.59) 

where, RR , is the rotor resistance matrix and is given in (3.60). 
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 As was mentioned earlier in this chapter both of the stator winding transform matrices, 

'
w , and, 

''
w , are not square matrices and hence do not have corresponding inverses. This means 

that in order to develop a complete MEC model with coupling between the magnetic circuit, 

depicted in Figure 3-11 and described by equations (3.38) through (3.40), and the corresponding 

electric circuit, an extended system of algebraic equations has to be developed [68]. This 

extended system of algebraic equations is given here in (3.61), where the matrices, I , and, 0 , are 

the identity and zero matrices of the appropriate dimensions. Also, the matrix, 1−× RR NNI , is given 

in (3.62) for the sake of completeness of the model formulation. It should also be noticed that 

dimensions of this extended system of equations are (4NS+3NR+(NR-1)+3), where NS is the 

number of stator slots, and NR is the number of rotor slots.
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It is important to note that in order to solve the system of equations provided in (3.62) a 

technique such as the iterative Gauss-Seidel needs to be used [74]. Also, as was mentioned earlier 

in this chapter, it is assumed that no radial slot leakage flux exists. Hence, the system in equation 

(3.61) can be simplified as has been shown in [70] and is depicted here in (3.63) through (3.68) 

for the sake of completeness and the reader’s convenience. Depending on the type of algorithm 

used for matrix inversion, this simplification may result in significant reduction of computer 

execution time of the model. 
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Where, 
phaseCN , is the number of coils per phase. 
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Now, that electrical and magnetic behavior of the induction machine has been defined, it 

is possible to couple the machine to the mechanical load as shown in Figure 3-15. The expression 

for electromagnetic torque can be derived from the MEC model directly, as has been done in [68] 

based on electromechanical energy conversion principles, and is given as follows: 
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where, Rθ , is the rotor position in mechanical measure. 
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Figure 3-15. Block diagram of a complete squirrel-cage induction machine MEC model. 

As has been mentioned earlier in this chapter there are three types of permeances in the 

MEC model of an electric machine, namely, constant, inherently nonlinear, and parametric 

nonlinear. Constant permeances are defined as the permeances of the regions with linear magnetic 

properties and constant geometry. On the other hand, inherently nonlinear permeances are defined 

as being dependent on the properties of nonlinear magnetic materials. These permeances are used 

to model the core of the machine. Meanwhile, parametric nonlinear permeances are defined as 

permeances dependent on the geometry of the region and are used to model the air gap region. A 

detailed derivation of various parameters used in the MEC model of a 5-hp induction motor is 

provided in an Appendix to this thesis. 
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3.3 FINITE ELEMENT MODEL 

In this section the development of the Time-Stepping Finite Element (TSFE) model will 

be discussed. It should be noted that the TSFE model used in this thesis has been implemented in 

the commercially available software package, namely MAGSOFT (Flux 2D). This software 

package allows the user to develop a TSFE model by inputting all relevant design data such as 

machine geometry, material properties, winding layout, etc., while not involving the user in the 

details of the finite element formulation programming and solution. In other words, the user does 

not need to know the details of the inner workings of the TSFE modeling approach, but rather be 

familiar with some basic principles behind it. Hence, this chapter will present some basic 

principles of the TSFE modeling approach rather than providing a detailed explanation of the 

model’s formulation development process. 

As has been shown earlier in this chapter, Maxwell’s Equations can be simplified for 

low-frequency (quasi-static) applications when only inductive coupling exists between the 

electric field intensity, E
v

, and the magnetic field intensity,  H
v

. That is, the magnetic field 

intensity, H
v

, is dependent only on the conduction current density, J
v

, in which case the 

displacement current density, 
t

D

∂

∂
v

, is negligible as is the case in the majority of electric 

machinery problems. Again, this simplified set of Maxwell’s Equations is given here for reader’s 

convenience:  

JH
vv

=×∇  (Ampere’s Law original definition)    (3.70)  

0=⋅∇ B
v

 (Gauss’ Law for Magnetism)     (3.71)             

t

B
E

∂

∂
−=×∇

v
v

 (Faraday’s Law)      (3.72)   
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where, the auxiliary equations relating the magnetic flux density, B
v

, and the magnetic field 

intensity, H
v

, and the electric field, E
v

, to the current density, J
v

, are provided in equations (3.73) 

and (3.74), respectively. 

HB
vv

 µ=         (3.73) 

EJ
vv

 σ=         (3.74)              

It should be noted that a similar simplified set of Maxwell’s Equations can be derived for the case 

of low-frequency, electrostatic or quasi-static, electric fields [74]. 

 One approach to solving finite element type numerical problems is by introducing an 

energy functional that has to be minimized [74-76]. In static and quasi-static magnetic fields such 

a functional can be based on the current density and the corresponding magnetic vector potential 

[74]. In other words, the functional, in this case a difference between the input and stored 

magnetic energies, can be derived in terms of the current density and the corresponding magnetic 

vector potential. Meanwhile, magnetic vector potential (MVP), A
v

, can be related to the magnetic 

flux density, B
v

, as given below in (3.75). This is possible by applying the null identity 

( 0)( ≡×∇∇ A
v

) to equation (3.71). In other words, considering (3.71) and the null identity it can 

be stated that the magnetic flux density must be the curl of some vector field, A
v

, as shown in 

(3.75). The advantage of using the magnetic vector potential stems from the fact that all 

parameters used to characterize magnetic fields, such as, the magnetic field intensity, H
v

, and the 

magnetic flux density, B
v

, are readily available from the magnetic vector potential, A
v

, and hence 

the need of using multiple physical quantities to characterize the field is eliminated. 

AB
vv

×∇=         (3.75)  
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Moreover, the MVP, A
v

, can be related to the current density, J
v

, by first expressing (3.73) as: 

BH
vv

 
1

µ
=         (3.76) 

then, substituting (3.75) into (3.76) thus yielding the following: 

( )AH
vv

×∇=  
1

µ
        (3.77) 

Finally, substituting (3.77) into the expression for Ampere’s Law previously provided in (3.70), 

as shown in (3.78). 

( ) JA
vv

=







×∇×∇  

1

µ
       (3.78) 

Expression in (3.78), when applied to static magnetic field problems, provides the basis for the 

TSFE method. In other words, the solution of (3.78) is the principal equation to be solved using 

finite element method [76]. It should be pointed out, however, that in order to extend (3.78) to the 

quasi-static (low-frequency field) problems one has to consider Faraday’s Law provided in (3.72). 

Substituting for the magnetic flux density, B
v

, from (3.75) into (3.72) yields the following: 

t

A
E

∂

∂
×−∇=×∇

r
v

       (3.79) 

where, E
v

×∇ , can be rewritten using the identity which states that the curl of any vector is equal 

to the sum of the curl of the vector and a gradient of some scalar field function, as follows: 

( )VEE ∇+×∇=×∇
vv

       (3.80) 

where, V, is a scalar field function. Substituting equation (3.80) in (3.79) and integrating yields 

the following result: 

t

A
VE

∂

∂
−=∇+

r
v

       (3.81) 
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Now, using (3.81), current density, J
v

, can be expressed as: 












∂

∂
+∇−=

t

A
VJ

r
v

σ        (3.82) 

where, the first term on the right hand-side, )( V∇σ , is the current density impressed by the 

outside voltage source and the second term, 










∂

∂

t

A
r

σ , represents the current density induced as the 

result of the time-varying magnetic field. Hence, using equation (3.82) one can rewrite (3.78) for 

use in quasi-static field problems, such as the problem of induction machines at hand, is given in 

(3.83) below. 

( ) 










∂

∂
+∇−=








×∇×∇

t

A
VA

r
v

σ
µ

 
1

     (3.83) 

It should be noted that the expression provided in (3.83) can be utilized for the solution of both 

two and three dimensional problems. Hence, a somewhat simplified version of (3.83) is utilized 

in the MAGSOFT (Flux 2D) software package to solve for the magnetic field distribution in the 

machine. This expression is given in [75], and in expanded two-dimensional magnetic field 

formulation can be written as follows: 










∂

∂
+∇−=









∂

∂

∂

∂
+








∂

∂

∂

∂

t

A
V

y

A

yx

A

x

zzz σ
µµ

11
    (3.83) 

The time-stepping finite element (TSFE) model used in this thesis is utilized to model 

both healthy and faulty operation of the case-study 5-hp squirrel-cage induction machine. A half 

of the cross-section of the 5-hp squirrel-cage induction machine showing a large number of finite 

elements is depicted in Figure 3-16. As can be seen from Figure 3-16, there are two regions 

where the density of the finite elements is especially high. Namely, these regions are, the air gap, 

and the rotor slots with surrounding regions. As was mentioned earlier, it is particularly important 
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to model the air gap as accurately as possible, since the energy conversion takes place in the air 

gap. In the case of the squirrel-cage rotor with deep-bar rotor slot design, one has to generate a 

relatively high number of finite elements in the rotor slots to account for the deep-bar effect (skin 

effect) for accurate starting transient simulations purpose. Therefore, both models used in this 

work can be utilized in both steady-state and starting transient studies. It should be pointed out, 

however, that in this thesis centering on broken bar fault diagnostics, only the steady-state 

operation of the machine will be considered. Hence, this makes the need for accurate simulation 

of deep-bar effects unnecessary. Accordingly, the need for such a high density of elements in the 

rotor slot region is not necessary. 

 

Figure 3-16. Cross-section of the 5-hp squirrel-cage induction machine with finite element grid. 

3.4 MODEL VALIDATION 

In this section, MEC and TSFE models developed earlier will be verified by comparing 

the results of the simulations with experimentally obtained data of healthy and one broken bar 

motor operation. These models will be validated in three steps. First, the validity of MEC and 

TSFE models will be verified at steady-state rated load conditions. Second, the validity of MEC 

model will be verified at steady-state conditions under different loads. Third, the validity of the 

two modeling approaches for rotor fault modeling under steady-state rated load condition will 

also be verified for the one broken bar case.  



Chapter 3: Induction Machine Modeling 59 

Here, rated load steady-state operation will be considered. Depicted in Figures 3-17 and 

3-18 are the time-domain waveform and the corresponding frequency spectrum of the phase-a 

current obtained via the MEC simulation of the rated load condition. Also, depicted in Figure 3-

19 and 3-20 are the corresponding time-domain waveform and frequency spectrum of the phase-a 

current obtained via the TSFE simulation of the rated load condition. Meanwhile, shown in 

Figures 3-21 and 3-22 are the time-domain profile and the corresponding frequency spectrum of 

the phase-a current obtained during the experimental test under rated load condition. It should be 

noticed that both MEC and TSFE models are in relatively good agreement with the experimental 

test data. Also, provided in Table 3-1 are the tabulated data of the steady-state performance 

characteristics at different load conditions, namely, torque, speed, and power factor. Again, from 

Table 3-1 it should be noted that both models are in relatively close agreement with the 

experimental test. 

 

 

 

100% (30Nm) MEC TSFE Test 

Current, [Arms] 6.10 6.04 6.15 

Speed, [r/min] 1166 1166 1165 

Power factor, [%] 82.9 84.3 79.7 

75% (22.5Nm) MEC TSFE Test 

Current, [Arms] 4.83 4.64 4.75 

Speed, [r/min] 1175 1175 1175 

Power factor, [%] 76.8 77.2 74.2 

50% (15Nm) MEC TSFE Test 

Current, [Arms] 3.91 3.82 3.95 

Speed, [r/min] 1184 1183 1182 

Power factor, [%] 67.5 70.2 66.5 

Table 3-1. Steady-state performance characteristics (MEC, TSFE, and Test). 
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Figure 3-17. Time-domain profile of phase-a 

current (MEC). 
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Figure 3-18. Frequency spectrum profile of phase-a 

current (MEC). 
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Figure 3-19. Time-domain profile of phase-a 

current (TSFE). 
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Figure 3-20. Frequency spectrum profile of phase-a 

current (TSFE). 
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Figure 3-21. Time-domain profile of phase-a 

current (Experimental Test). 
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Figure 3-22. Frequency spectrum profile of phase-a 

current (Experimental Test). 
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Here, the validity of both models for rotor fault modeling will be verified based on the 

analysis of one broken rotor bar fault. Depicted in Figures 3-23 through 3-25 are pendulous 

oscillation profiles [46] for both MEC and TSFE models as well as the experimental test. The 

values of corresponding swing angles, ∆δ1, are provided in Table 3-2. The swing angle, ∆δ1, has 

been defined in [46] as the peak-to-peak value of the fundamental component of the so-called 

pendulous oscillation. Also, provided in Table 3-2 are the values of the lower side-band 

component (LSB) obtained by performing spectral analysis on the phase-a currents from one 

broken bar simulations of MEC and TSFE models as well as from the experimental test. From 

Figures 3-23 through 3-25 and Table 3-2, one should notice that the both lower side-band and 

swing-angle data yielded relatively accurate results for both modeling approaches, when 

compared to the experimental test results. It should mentioned that details of the fault diagnostics 

techniques, namely, MCSA and Pendulous Oscillation method, used to compare the performance 

of both models will be discussed in Chapter 4. 
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Figure 3-23. Pendulous Oscillation, ∆δ1=1.5
o
 (MEC). 
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Figure 3-24. Pendulous Oscillation, ∆δ1=1.8
o
 (TSFE). 
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Figure 3-25. Pendulous Oscillation, ∆δ1=1.6
o
 (Experimental Test). 

 

Fault Indices MEC TSFE Test 

LSB, [dB] -44.64 -40.39 -44.7 

Swing angle, ∆δ1, [deg.] 1.5 1.8 1.6 

Table 3-2. Values of lower side-band component (LSB) and swing angle, ∆δ1, under conditions of one 

broken rotor bar. 
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CHAPTER 4: ROTOR FAULT DIAGNOSTICS 

4.1 INTRODUCTION 

HIS chapter will describe two diagnostic techniques that have been previously 

established in the literature. Both of these techniques have proven to be reliable for 

diagnostics of adjacent rotor bar breakages. The main purpose of this chapter is to establish the 

necessary background required for rotor fault analysis that will follow in the consequent chapters. 

Hence, this chapter will concentrate on the basic application of these techniques to rotor fault 

diagnostics in squirrel-cage induction machines. The secondary goal of this chapter is to continue 

validation of the models presented in Chapters 2 and 3. 

4.2 MOTOR CURRENT SIGNATURE ANALYSIS (MCSA) 

Spectrum analysis of induction machine line currents, also known as motor current 

signature analysis (MCSA), is one of the most commonly used rotor fault diagnostic techniques 

[38-40]. In this technique side-bands adjacent to the supply fundamental frequency component 

present in the frequency spectrum of motor currents are used to diagnose the extent of the fault. 

As has been shown in Chapter 2, in the case of a broken bar fault the magnetic field produced by 

the rotor will oscillate at twice the slip frequency, 2sωsyn. According to Faraday’s Law this 

oscillating magnetic field will induce an electromotive force, emf, in the stator windings, which 

in turn will result in the stator current component at the same, 2sωsyn, frequency. However, since 

T 
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the magnetic field produced by rotor currents is also moving in space at synchronous speed this 

will also induce an emf and the consequent current at synchronous frequency, ωsyn. Moreover, 

since, in the motoring region, the squirrel-cage rotor structure is moving at a speed lower than 

synchronous the resulting stator emf and the corresponding stator current will have a component 

at a frequency equal to (ωsyn -2s ωsyn)= ωsyn(1-2s). This, ωsyn(1-2s), frequency component in the 

stator current spectrum can be used for rotor fault diagnostic purposes, and is usually referred to 

as the Lower Side-Band (LSB) component. Depicted in Figures 4-1 through 4-4 are the stator line 

current spectra under healthy and one broken rotor bar conditions. One should notice the lack of 

distinguishable Lower Side-Band component in the line current spectrum of the healthy machine. 

On the other hand, in the case of one broken bar there is a detectable LSB component. Moreover, 

as one can see from Figures 4-3 and 4-4 there is an additional component at a frequency equal 

ωsyn(1+2s). This, ωsyn(1+2s), is commonly referred to as the Upper Side-Band (USB) component. 

The existence of this Upper Side-Band component can be traced back to the Lower Side-Band 

component. In other words, the current component at ωsyn(1-2s) produces a consequent torque 

pulsation at twice the slip frequency, 2sωsyn. This torque pulsation may in turn result in the 

consequent speed pulsations at the same frequency, 2sωsyn, which will produce a component in 

the stator current at ωsyn(1+2s). This process of interaction of stator current harmonics, torque 

oscillation, and the consequent speed ripple will continue to induce stator current harmonics at 

(1±ks) ωsyn (where k=2, 4, 6 … ). However, the existence of a detectable speed ripple and the 

consequent Upper Side-Band component is not guaranteed in the cases where the total inertia of 

the motor-load system is high. This dependency of the magnitude of the Upper Side-Band 

component on the motor-load inertia has been studied in detail in [46]. It should also be 

mentioned that both LSB and USB components are heavily dependent on the load conditions. 

More specifically, both LSB and the consequent USB components tend to become diminished at 

light loads, as has been shown in [44] and [46]. 
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Figure 4-1. Stator line current spectrum of 5-hp 

induction machine under healthy full-load conditions 

(from Experimental Test). 
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Figure 4-2. Stator line current spectrum of 5-hp 

induction machine under healthy full-load conditions 

(from MEC Simulation). 
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Figure 4-3. Stator line current spectrum of 5-hp 

induction machine under one broken bar full-load 

conditions (from Experimental Test). 
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Figure 4-4. Stator line current spectrum of 5-hp 

induction machine under one broken bar full-load 

conditions (from MEC Simulation). 
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Depicted in Figure 4-5 and 4-6 are the values of LSB components for one through four 

adjacent broken squirrel-cage rotor bars. From comparison of both figures, one should notice that 

MEC model results are in close agreement with results obtained during the laboratory testing. 

This can also be seen from the recorded data of Table 4-1. 
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Figure 4-5. Lower Side-Band component versus number of broken bars under full-load conditions (from 

Experimental Tests). 
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Figure 4-6. Lower Side-Band component versus number of broken bars under full-load conditions (from 

MEC Simulations). 

 

 

 

 

 

 

 

 

 

Table 4-1. LSB component under full-load conditions (from Experimental Tests and MEC Simulations). 

  Test     MEC   

Number of 

BB 

Magnitude, 

[dB] 

Frequency, 

[Hz] 

Number of 

BB 

Magnitude, 

[dB] 

Frequency, 

[Hz] 

1 -44.70 56.2 1 -44.64 56.4 

2 -40.05 56.4 2 -38.48 56.6 

3 -35.10 56.6 3 -33.20  56.4 

4 -33.05 56.6 4 -31.24 56.4  
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The major advantage of the MCSA based diagnostic approach is the fact that it utilizes a 

single current sensor. This current sensor is used to record the time-domain profile of one of the 

line currents, which can later be processed to obtain the corresponding spectrum. However, since 

only a finite number of current measurements can be recorded over time, due to memory and 

processing time limitations, this technique suffers from common shortcomings associated with 

finite-length Fast Fourier Transform (FFT) analysis. These shortcomings have been described in 

detail in [46] and are repeated in summary here for reader’s convenience. Namely, these 

shortcomings are: difficulties associated with nonstationary signals, the side-lobe leakage 

phenomenon, frequency resolution limited by the sampling frequency, fsampling, and sample length, 

N, as ∆f = (1 / N) fsampling, etc. These difficulties can be partially mitigated by applying Hanning 

Windowing to the data prior to the FFT analysis [46]. It should be mentioned that the (MEC) 

simulation and experimental data used in this thesis for spectral analysis purposes were sampled 

at a frequency, fsampling =50kHz, over 5second time intervals. Moreover, the Hanning Window 

approach was applied over a complete data set of 5seconds (N=250,000) in order to mitigate 

some of the problems described above. 

4.3 MAGNETIC FIELD PENDULOUS OSCILLATION (MFPO) 

A so-called magnetic field pendulous oscillation (MFPO) technique, where time-domain 

values of motor line currents and voltages are used to generate the corresponding space-vectors 

and the oscillation of the angle between these space-vectors is used as the fault index, has been 

introduced in [43-46]. Again, referring back to Chapter 2 where it has been shown that a broken 

bar results in the oscillation of the rotor mmf around its healthy axis at twice the slip frequency, 

2sωsyn, one can take a different approach from that chosen in MCSA analysis. Considering the 

overall effect of the rotor fault on the resultant magnetic field distribution in the machine, one can 
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deduce that the oscillation of the rotor mmf will result in the corresponding oscillation of the 

resultant (stator and rotor) mmf. As has been shown in [43-46], this oscillation of the resultant 

mmf can be observed by monitoring the position of the stator current space-vector, )(tis

v
. More 

specifically, the relative motion of the stator current space-vector, )(tis

v
, with respect to the stator 

voltage space-vector, )(tvs

v
, can be used for diagnostics purposes [43-46]. Using three voltage 

and current measurements, stator current and voltage space-vectors can be calculated as follows 

[43-46]: 

( )))()(())()(())()((
3

2
)( 2

tititititititi accbbas −+−+−= αα
v

  (4.1) 

( )))(())(()(
3

2
)( 2

tvtvtvtv cabcabs αα ++=
v

    (4.2) 

where, α, is the complex space-vector operator provided in (4.3). 

3

2π

α
j

e=         (4.3) 

In the case of a floating stator winding neutral, 0)()()( =++ tititi cba , equation (4.1) can be 

simplified as shown in (4.4) [46]. Moreover, (4.2) can be rewritten in terms of two line-to-line 

voltages as provided in (4.5) [46]. 

))()((3))()(()( titijtititi babas ++−=
v

    (4.4) 

3

)(2)(
)()(

tvtv
jtvtv bcab

abs

+
+=

v
     (4.5) 

It should be noticed from (4.4) and (4.5) that only two current and two voltage sensors are needed 

to form the voltage and current space-vectors required for purposes of fault diagnostics. 

Meanwhile, the pendulous oscillation angle, δ(t), is defined in [43-46] as the angle between the 

current and voltage space-vectors can hence be expressed as follows: 

)( )( )( tvtit ss

vv
∠−∠=δ        (4.6) 
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Furthermore, δ1(t), is the fundamental component of the pendulous oscillation, and the swing 

angle, ∆δ1, is the peak-to-peak value of the fundamental component of pendulous oscillation, 

δ1(t). In this diagnostics technique the swing angle, ∆δ1, is considered as the fault index which can 

be used to diagnose the extent of the fault. Here, the swing angle, ∆δ1, is similar to the Lower 

Side-Band component of the MCSA diagnostics approach in the sense that both LSB and swing 

angle, ∆δ1, are used as fault indices. 

 The pendulous oscillation is a time-domain phenomenon and hence can be easily 

correlated with the physical processes taking place in the machine during the fault. Here, this 

property of the MFPO will be used to further verify the simplified analysis presented in Chapter 

2, as well as to gain a better understanding of the effects of the fault. In Chapter 2 it has been 

stated that the highest distortion of rotor mmf axis occurs at time instants when the breakage 

reaches the locations half way between the bar carrying maximum absolute value of the current 

and the bar carrying no current. In other words, the when breakage is 45
o 
(electrical) form the bar 

carrying maximum absolute value of the current the breakage has the largest impact on the 

orientation of the rotor mmf axis. In the simple 8-bar squirrel-cage rotor of Chapter 2, considering 

Figures 4-7 and 4-8 these locations of maximum mmf disturbance are 2, 4, 6, and 8. It has also 

been stated that the rotor fault does not have any effect on the rotor mmf orientation at time 

instants where the broken bar is supposed to carry maximum absolute value of the current, as well 

as at locations where it is supposed to carry no current. Again, considering Figures 4-7 and 4-8, 

the locations of bar breakage which will not have any effect on the location of the rotor mmf axis 

and the machine will appear as if healthy, are locations 1, 3, 5, and 7. This means that at time 

instants when the breakage reaches locations 1, 3, 5, and 7 the value of the pendulous oscillation 

angle, δ(t), should correspond/intersect with that of the healthy case. 
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Figure 4-7. Simple 8-bar squirrel-cage rotor (Broken bar at location 4). 
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Figure 4-8. Rotor current sheet (Broken bar at location 4). 
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Now, in order to verify the analysis presented in Chapter 2 consider a time-domain 

profile of pendulous oscillation angle, δ(t), under the condition of one broken rotor bar obtained 

from MEC simulation of the 5-hp case study induction machine. This time-domain profile of 

pendulous oscillation is shown over a complete slip cycle in Figure 4-9. As has been previously 

mentioned in the case of a one broken bar fault, the pendulous oscillation has a frequency equal to 

twice the slip frequency, 2sωsyn. Consequently, as can be observed from Figure 4-9, there are four 

time instances in a slip cycle where the pendulous oscillation angle reaches its maximum absolute 

value. Considering Figure 4-9 these time instances are: t1, t3, t5, and t7. Moreover, there are four 

time instances in a slip cycle where the bar breakage does not have any effect on the orientation 

of the rotor mmf. In other words, there are four time instances in a slip cycle where the axis of the 

faulty rotor mmf aligns with the axis of the healthy mmf. In Figure 4-9 these time instances are 

labeled as follows: t2, t4, t6, and t8. In order to verify the analysis presented above consider the 

current sheet distributions at time instances t1 through t8 shown in Figures 4-10 through 4-17. 

These current sheet distributions are readily available from both the MEC and the TSFE 

simulations but rather tough to obtain in an experimental setting. Therefore, here in Figures 4-10 

through 4-17 only MEC simulation results are presented. Moreover, it should mentioned that in 

Figures 4-10 through 4-17 bar number “12” is assumed to be broken. 
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Figure 4-9. Pendulous Oscillation time-domain profile (One broken bar, full-load, MEC Simulation). 
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Figure 4-10. Rotor current sheet at time instant t1. 
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Figure 4-11. Rotor current sheet at time instant t2. 
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Figure 4-12. Rotor current sheet at time instant t3. 
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Figure 4-13. Rotor current sheet at time instant t4. 
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Figure 4-14. Rotor current sheet at time instant t5. 
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Figure 4-15. Rotor current sheet at time instant t6. 
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Figure 4-16. Rotor current sheet at time instant t7. 
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Figure 4-17. Rotor current sheet at time instant t8. 
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As can be seen from the pendulous oscillation profile of Figure 4-9 and the corresponding current 

sheet profiles shown in Figures 4-10 through 4-17, the simple analysis presented in Chapter 2 is 

indeed valid and hence can be used to visualize the effects of such rotor faults. In addition, from 

Figures 4-10 through 4-17 one should notice that magnitudes of bar currents immediately 

adjacent to the fault are not significantly increased. In this 5-hp machine the increase in bar 

current magnitudes of the bars immediately adjacent to the fault is approximately 22%, when 

compared to the healthy bar current magnitudes under the same load conditions. 

For purposes of comparison to the MCSA technique and completeness, the effectiveness 

of the MFPO technique for diagnosing adjacent faults will be explored here. It should be stressed 

that for detailed discussions of the MFPO technique and its application to adjacent broken rotor 

bar fault diagnostics one should consult [43-46]. Depicted in Figures 4-18 and 4-19 are the values 

of swing angles, ∆δ1, for one through four adjacent broken squirrel-cage rotor bars. As can be 

seen from both Figures 4-18 and 4-19, the swing angle, ∆δ1, increases with the number of broken 

bars in a consistent monotonic fashion, and hence can be used for adjacent broken bar fault 

diagnostics. Also, from comparison of both figures, one should notice that the MEC model results 

are in close agreement with results obtained during laboratory testing. This can also be seen from 

the recorded results in Table 4-2.  

In summary, this chapter presented and compared two effective adjacent rotor fault 

diagnostic techniques. Moreover, models presented in Chapters 2 and 3 have been further verified 

through analysis of various adjacent rotor fault scenarios. It has also been shown, through 

simulation and experimental results, that rotor bar breakage faults manifest themselves mainly 

through the oscillation of the rotor magnetic field, which supports the claim made in the summary 

of Chapter 2. 
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Figure 4-18. Swing angle, ∆ δ1, versus number of broken bars under full-load conditions (from 

Experimental Tests). 
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Figure 4-19. Swing angle, ∆ δ1, versus number of broken bars under full-load conditions (from MEC 

Simulations). 

 

  Test   MEC 

Number of 

BB 

Swing Angle, 

[deg.] Number of BB 

Swing Angle, 

[deg.] 

0 0.1 0 0.1 

1 1.6 1 1.5 

2 2.7 2 3.4 

3 4.1 3 6.2 

4 8.7 4 9.2 

Table 4-2. Swing angle, ∆ δ1, under full-load conditions (from Experimental Tests and MEC Simulations). 
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CHAPTER 5: APPLICATION OF PIEZOELECTRIC  

                     SENSORS TO MOTOR FAULT DIAGNOSTICS  

5.1 INTRODUCTION 

N this chapter it will be shown that a simple piezoelectric vibration sensor can be 

utilized for rotor fault diagnostics. This chapter will present some basic principles 

behind the application of such piezoelectric sensors to electric machinery. Moreover, the history 

of application of such sensors to condition monitoring of various industrial processes will be 

discussed. In addition, some recent applications of piezoelectric sensors to electric machines will 

be presented. 

 The piezoelectric effect was first discovered by brothers Jacques and Pierre Curie in 

1880s [78]. It has been found that some materials that posses crystal structures are capable of 

producing electric charge as a result of mechanical deformation. Moreover, it has been shown that 

dimensions of such materials can be altered when these materials are exposed to electric fields. 

Both of these properties have found a wide range of applications. The first property of 

piezoelectric materials allows these materials to be utilized in various sensor applications while 

the former property allows using such materials for actuation applications. Piezoelectric materials 

I 
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have been used in vibration sensing for several applications ranging from music pickups and 

microphones to traffic and bearing wear sensors [78]. Piezoelectric materials have also been 

utilized in medical imaging ultrasound applications due to their high sensitivity and extremely 

high bandwidth [78]. Meanwhile, piezoelectric materials have been used in the audio industry for 

high fidelity speaker and microphone construction [78]. On the other hand, such piezoelectric 

materials have been used as actuators in fan applications, where the air flow is induced by the 

oscillating piezoelectric beam/cantilever, which in turn oscillates due to an applied time-varying 

voltage. In addition, such materials are being utilized for active vibration cancellation 

applications [78]. Some researchers have also proposed in [79] and [80] using such piezoelectric 

materials for energy harvesting applications, where the inherent vibration of the system is used to 

generate electric energy that can latter be utilized to energize low-power electronic devices. 

 In the above paragraph some general applications of piezoelectric materials have been 

outlined. Next, recent applications of piezoelectric materials to electric machinery will be 

considered. In [81] polyvinylidene fluoride (PVDF) film piezoelectric vibration sensors have 

been successfully used for sensing harmonics of electromagnetic torque in permanent magnet 

synchronous machines (PMSM). In this work three different locations for sensor mounting have 

been considered. Meanwhile, the work presented in [81] has been extended to provide an 

appropriate control action intended to minimize torque ripples in PMSM drives [82]. It has been 

shown that the feedback signal obtained from a piezoelectric vibration sensor can be utilized to 

mitigate torque induced vibrations in a close-loop control scheme of a PMSM motor drive 

system. In addition, PVDF film sensors have been utilized for detection of the initial rotor 

position in PMSM drives in [83]. More recently, the same group of researchers proposed using 

PVDF film piezoelectric vibration sensors for speed estimation in induction motor drive systems 

[84]. 
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5.2 POLYVINYLIDENE FLUORIDE (PVDF) PIEZOELECTRIC MATERIAL  

As has been mentioned in the introductory chapter of this thesis the suitability of 

piezoelectric vibration sensors for rotor fault diagnostics purposes will be the main topic of this 

chapter. More specifically, polyvinylidene fluoride (PVDF) film sensor will be used to obtain a 

voltage signal proportional to the mechanical vibration of an induction motor. Hence, both 

mechanical and electrical characteristics of this piezoelectric material need to be addressed. 

Depicted in Figure 5-1 is a piezoelectric film showing typical mechanical and electrical numerical 

axes classification [78]. Meanwhile, for all relevant parameters the following subscript notation is 

used, Xmn, where, m, refers to the electrical axis and, n, refers to the mechanical axis. Moreover, 

since the piezoelectric film used in this thesis has electrodes attached as shown in Figure 5-2 the 

parameters of interest will have coefficients, X3n. This is because in this electrode configuration 

mechanical stress applied in any of the three axes of the film will produce a corresponding 

measurable voltage in axis-3 [78].  

1

-1

3

-3

2-2

(Thickness)

(Length)

(Width)

 
Figure 5-1. Piezoelectric (PVDF) film showing mechanical and electrical axes [78]. 
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(Thickness)

ElectrodesPiezoelectric Film

 
Figure 5-2. Piezoelectric (PVDF) film showing electrodes. 
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From Figure 5-2 one should note that at steady-state conditions this sensor configuration 

resembles a simple parallel plate capacitor. Hence, its capacitance can be approximated using a 

simple relationship as follows: 

t

A
C oRPIEZO         (5.1) 

where, εR, is relative permittivity, εo, is the permittivity of free space, A, is electrode surface area, 

and, t, is the film thickness. It should be mentioned that a typical value of this capacitance for a 

typical PVDF film sensor is on the order of a few hundred picofarads. As has been previously 

mentioned under mechanical stresses this piezoelectric material is capable of producing 

voltage/charge. Hence, one way to model low-frequency behavior of piezoelectric materials is as 

shown in Figure 5-3. It should be noticed that voltage produced by the voltage source, VPIEZO, is 

not directly accessible because of the film capacitance, CPIEZO. This leads to the fact that only 

time-varying (dynamic) mechanical stresses can induce voltages across the piezoelectric film 

electrodes. In other words, the dc component of the voltage produced by the piezoelectric 

material under constant (time-invariant) stress will be blocked by the material’s inherent 

capacitance, CPIEZO. 

VPIEZO

CPIEZO

+

-

VOUT

Piezoelectric Material

 
Figure 5-3. Electric equivalent circuit model of piezoelectric material. 

The bandwidth of the piezoelectric vibration sensor is limited by two factors, namely, the 

electrical and mechanical loading. Again, considering Figure 5-3 when coupled to a practical 

electric circuit, which has a finite input impedance, piezoelectric materials will exhibit a high-
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pass filter behavior. This means that any frequency below the lower cutoff frequency, dictated by 

the piezoelectric film capacitance, CPIEZO, and the input resistance of a signal conditioning, circuit 

will be attenuated. This can also be seen from Figure 5-4 and the corresponding relationship (5.2), 

which shows a high-pass filter circuit nature of a piezoelectric sensor when connected to a signal 

conditioning circuitry.  

VPIEZO

CPIEZO

+

-

VOUT

Piezoelectric Material

RIN

Measuring Equpment

 
Figure 5-4. Electric equivalent circuit model of piezoelectric material connected to a practical circuit. 

 INPIEZO

LOW
RC

f
2

1
        (5.2) 

Moreover, as has been mentioned earlier typical piezoelectric PVDF film sensors have 

capacitance values on the order of a few hundred picofarads. Hence, in order to capture low-

frequency mechanical vibrations, such as the ones produced by squirrel-cage rotor faults, signal 

conditioning circuits having extremely high input impedances have to be designed. As has been 

suggested in [85] JFET operational amplifier circuits can be utilized in the signal conditioning 

circuit to provide desired high input impedance. A typical (TL-82) JFET operational amplifier has 

an input impedance on the order of 10
12

Ω [86]. Depicted in Figure 5-5 is a typical unity gain 

buffer (voltage follower) amplifier circuit that can be used to provide high input impedance, RIN, 

required for low-frequency sensing applications. From Figure 5-5 one should also notice an 

additional resistance, RINaux, that can be used to vary the lower cutoff frequency to values higher 

than these imposed by, CPIEZO, and, RIN. 
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Figure 5-5. High input impedance unity gain buffer (voltage follower) amplifier. 

On the other hand, linear operation of piezoelectric (PVDF) sensors at high-frequencies is limited 

by mechanical loading/preload as well as by the mode of operation of the sensor. More 

specifically, if the film sensor is operated as a vibrating beam/cantilever clamped at one end, as 

shown in Figure 5-6, its resonant frequency can be significantly reduced by the preload mass. On 

the other hand, sensitivity of the film sensor to the mechanical vibrations will be increased with 

the increase of a preload mass. In this mode of operation the mechanical system can be modeled 

as a simple mass-spring system with a first resonant frequency approximated by the following: 

m

k
f resonance

2

1
        (5.3) 

where, k, is the stiffness of the piezoelectric film beam and, m, is the load mass. 

m

m
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Additional mass

 

Figure 5-6. Piezoelectric PVDF film sensor operated as vibrating beam/cantilever. 
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In this work, however, the piezoelectric PVDF film is used in a compression mode along 

axis-3, as shown in Figure 5-7. In this case, the resonant frequency can be significantly increased, 

hence, increasing the effective bandwidth of the sensor. In this case, the first resonant frequency 

of a piezoelectric film can be estimated using the following [81]: 














YA

F
Y

t
f

LOAD

resonance

1

2

1
       (5.4) 

where, t, is PVDF film thickness, Y, is material Young’s modulus, A, is the surface area of the 

film while, ρ, is PVDF material density and, FLOAD, is the static preload force due to the mass of 

the vibrating structure. 

Piezoelectric 

(PVDF) Film

Vibrating 

Structure

Stationary 

Structure A
x

is
-3

 (
T

h
ic

k
n

es
s)

 
Figure 5-7. Piezoelectric PVDF film sensor operated in compression mode along axis-3. 

It should be noted that the compression mode along axis-3 is chosen because of its simplicity and 

repeatability of experimental test results. 

In this work a simple piezoelectric PVDF film sensor (part no. LDT0-028K/L) 

commercially manufactured by Measurement Specialties has been used. Shown in Table 5-1 are 

the relevant parameters of this PVDF film sensor [78], [87]. 

Thickness, 

t, [μm] 

Width, 

w, 

[mm] 

Length, 

l, [mm] 

Piezo Stress 

Constant, g33, 









2N/m

V/m
 

Capacitance, 

CPIEZO, [pF] 

Young’s 

Modulus, 

Y, [N/m2] 

Relative 

Permittivity, 

εR 

Mass 

Density, 

ρ, 

[kg/m3] 

Temperature 

Range, [Co] 

28 10.2 23.5 330×10-3 500 2-4×109 12-13 1.78×103 -40 to 100 

Table 5-1. Piezoelectric PVDF sensor parameters. 
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The voltage produced by PVDF sensor as a result of mechanical stresses along axis-3 can be 

approximated as follows [78]: 

t
A

F
gVOUT  3

33 







         (5.5) 

where, F3, is the force applied to the sensor along axis-3. 

5.3 MOTOR FAULT DIAGNOSTICS USING PIEZOELECTRIC VIBRATION 

SENSOR 

In this section, the application of the PVDF film sensor to motor fault diagnostics will be 

considered. It will be shown that the torque ripple produced as the result of the fault in the 

squirrel-cage rotor can be detected using a simple piezoelectric vibration sensor. Moreover, since 

this vibration signal also carries information about the speed of the machine the diagnostics 

procedure can be significantly simplified since it will provide the information about the slip 

frequency. Depicted in Figure 5-8 is the experimental setup showing the location of the 

piezoelectric PVDF film sensor. From Figure 5-8 one should note that the vibration sensor is 

mounted between the frame of the induction machine and the mounting base which is used to 

secure the machine. As has been mentioned in the previous section, this results in the sensor 

being preloaded by the static force due to the machine’s weight and the force exerted by the 

mounting bolts. An alternative mounting, which could prove to be more reliable and convenient 

from the installation and repeatability point of view, could be a piezoelectric sensor in the form of 

a washer that could be used instead of an original mounting washer. However, this may require 

using an alternative ceramic material which in general has a lower sensitivity i.e. it produces a 

lower voltage for the same stress applied. 
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Figure 5-8. Experimental setup showing the location of PVDF sensor. 

Now, that both the sensor and the experimental setup have been described the results 

obtained during the experimental tests can be presented. Shown in Figure 5-9 is a time-domain 

profile of the voltage signal obtained for a healthy machine operating at rated conditions. One 

should note a distinct fundamental component. As has been pointed out in [84], this fundamental 

component can be used for speed estimation purposes. As for the causes of this fundamental 

component, it may be caused by a number of imperfections ranging from magnetic circuit 

saliencies traveling at slip speed, and shaft misalignment, to unbalances of mass distribution in 

the rotating parts of the machine. In one form or another, these imperfections caused by 

manufacturing tolerances and the nature of magnetic materials used in construction of the 

magnetic core are present in every machine. Depicted in Figure 5-10 is the frequency spectrum of 

the same vibration signal showing the locations of a fundamental component at 19.4Hz. 

Moreover, shown in Figure 5-10 is a frequency component at twice the slip frequency, 2sf, which 

will be used to diagnose the machine. Meanwhile, the mechanical speed can be estimated from 

the fundamental frequency using the following: 

1

1

60
2
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f
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f
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        (5.6) 
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where, P, is the number of poles and, f1, is the fundamental frequency of vibration signal. 

Shown in Figures 5-11 and 5-12 are the corresponding time-domain and frequency spectrum of 

the vibration signal of a machine operating with one broken bar at full-load conditions. From 5-13 

one should note a corresponding increase of the frequency component at 2sf. Moreover, one 

should also note two side-band components adjacent to the fundamental frequency component. 

These side-bands result from the speed ripple produced as a result of torque oscillations. 

Mathematically this situation can be described as shown next. At steady-state conditions the 

developed torque can be expressed as a sum of a constant (dc) value and an additional ripple at 

frequency of 2sf as shown in (5.7). It should be mentioned that the second term on the right hand 

side of equation (5.7) is responsible for detectable motor vibrations and results in a 2sf frequency 

component with a normalized magnitude of -29.49dB in the spectrum of a vibration signal under 

conditions of one broken bar. 

 t sfATT rippleconstdev )2(2cos        (5.7) 

Using (5.7) the mechanical speed can be expressed as follows: 

     
1 1

 sin 2 (2 ) 
2 (2 )

ripple

m dev load const const load

A
T T dt T T t sf t

J J sf
  



 
      

 
  (5.8) 

where, J, is motor-load system total inertia, Tload, is the load torque and, Aripple, is the torque ripple 

amplitude produced by the rotor fault. From (5.8) one should observe that in the case when 

developed torque, Tconst, is equal to the load torque, Tload, the average (dc) value of the speed is 

constant, and hence, equation (5.8) can be rewritten as shown in (5.9). 

 
1

sin 2 (2 ) 
2 (2 )

ripple

m const

A
sf t

sf J
  



 
   

 
    (5.9) 

However, in the case of a vibration sensor being mounted as is shown in Figure 5-8 the speed is 

not measured directly at the shaft but rather its effect on the vibration sensor is observed through 
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the forces/stresses applied to the sensor. Hence, with respect to the stationary frame of reference 

any imperfections that move in space as described by (5.9) will result in the forces/stresses on the 

sensor which will have the following components: 

 

   

2
cos 2  

1 2
             sin 2 (2 ) cos 2  

2 (2 )

speed

ripple

F f sf t
P

A
sf t f sf t

sf J P

 

  


  
   

  

     
      

    

   (5.10) 

where, α, and, β, are appropriate conversion factors. Equation (5.10) can be simplified as shown 

in (5.11). 

 
2

cos 2  

1 1 2 1 2
             sin 2 ( ) 2  sin 2 ( ) 2  

2 (2 ) 2 2

speed

ripple

F f sf t
P

A
f sf sf t f sf sf t

sf J P P

 

  


  
   

  

          
               

         

 

One should note that first term on the right hand side of equation (5.11) results in the fundamental 

component of the vibration signal shown in Figures 5-10 and 5-12. Meanwhile, the second term is 

specific to the rotor fault case and produces the side-bands shown in Figure 5-12. From equation 

(5.11) one should also notice that magnitudes of side-bands tend to diminish with an increase in 

both slip frequency and motor-load inertia. From the discussion presented above one can 

conclude that in the case of adjacent rotor broken bar faults, the total force/stress applied to the 

vibration sensor along axis-3 will have components such as the ones described in (5.12). 

Considering equation (5.12) and Figure 5-12 one should observe a direct correlation between the 

corresponding frequency components. 

(5.11) 
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2sf component 

(Torque Ripple)

Fundamental component 

(Average Speed)

Upper side-band 

(Speed Ripple)

Lower side-band 

(Speed Ripple)   

It should be mentioned that in equation (5.12) the conversion factors, γ, α, and, β, are used to 

emphasize the physical conversion from torque and speed to force/stress in the direction of axis-

3. Moreover, right hand side terms of (5.12) may have phase shifts other than the ones shown. 

Hence, the main purpose of (5.12) is to relate the physical phenomena of torque and speed ripple 

to the frequency spectrum of the vibration signal. 
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Figure 5-9. Vibration signal of 5-hp induction machine under healthy full-load conditions (30Nm, 

1164r/min, from Experimental Test). 
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Figure 5-10. Spectrum of vibration signal of 5-hp induction machine under healthy full-load conditions 

(30Nm, 1164r/min, from Experimental Test). 
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Figure 5-11. Vibration signal of 5-hp induction machine under one broken bar full-load conditions (30Nm, 

1164r/min, from Experimental Test). 

0 5 10 15 20 25 30
-70

-60

-50

-40

-30

-20

-10

0

Frequency, [Hz]

N
o
rm

a
liz

e
d
 M

a
g
n
it
u
d
e
, 

[d
B

]

Fundamental 

Component, f1, (19.4Hz)

2sf Component,         

(-29.49dB at 3.6Hz)

Lower side-band

(-32.99dB at 15.8Hz)

Upper side-band

(-32.12dB at 23Hz)

 
Figure 5-12. Spectrum of vibration signal of 5-hp induction machine under one broken bar full-load 

conditions (30Nm, 1164r/min, from Experimental Test). 
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 In order to verify that the proposed vibration sensor is capable of detecting an increase in 

the number of adjacent broken bars an additional test has been preformed. More specifically, 

PVDF vibration sensor was used to diagnose a case study 5-hp machine with four adjacent rotor 

bar breakages. The results of this experimental test are depicted in Figure 5-13. Comparing 

Figures 5-12 and 5-13 one should notice a significant increase of a 2sf component and the 

consequent increase of both side-band components. This leads the author to conclude that such 

piezoelectric vibration sensors can be utilized for rotor fault diagnostics. Moreover, since the 

rotor speed and hence the slip frequency are readily available from the signal used for diagnostics 

purposes the overall diagnostics procedure is significantly simplified.  

0 5 10 15 20 25 30
-70

-60

-50

-40

-30

-20

-10

0

Frequency, [Hz]

N
o
rm

a
liz

e
d
 M

a
g
n
it
u
d
e
, 

[d
B

]

LSB

(-16.89dB at 14.6Hz)

USB

(-20.12dB at 23.8Hz)

Fundamental 

Component, f1, (19.2Hz)

2sf Component,         

(-9.12dB at 4.6Hz)

 
Figure 5-13. Spectrum of vibration signal of 5-hp induction machine under four broken bar full-load 

conditions (30Nm, 1155r/min, from Experimental Test). 
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CHAPTER 6: EXPERIMENTAL AND SIMULATION RESULTS 

6.1 INTRODUCTION 

N this chapter experimental and simulation results for a number of nonadjacent bar 

breakage scenarios will be considered. In the first section of this chapter experimental 

and simulation results for nonadjacent bar breakages separated by one half pole-pitch will be 

considered. Meanwhile, in the second part of this chapter rotor faults separated by one complete 

pole-pitch will be studied. As has been mentioned in Chapter 2, in this work pole-pitch measure is 

considered to be a number of rotor bars per pole. For the case study 5-hp machine used in this 

thesis this number is fractional and is equal to 7½ bars per pole. It should also be mentioned that 

both simulation and experimental results presented in this chapter are obtained at rated operating 

conditions with the machine supplied by a balanced three-phase sinusoidal voltage supply. For 

this case study 5-hp machine rated conditions correspond to torque of 30Nm at the shaft speed of 

1165r/min. 

6.2 ROTOR BAR BREAKAGES SEPARATED BY HALF POLE-PITCH 

Here, experimental results of the machine operating under conditions of broken bars, 

separated by a half pole-pitch (90
o
 electrical) will be presented. The results will be evaluated 

I 
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using the three diagnostic techniques described in the previous chapters. Namely, these 

techniques are the MCSA, MFPO, and piezoelectric vibration sensor technique. Two fault 

scenarios will be considered, namely, two broken bars separated by one half pole-pitch and N 

broken bars each separated by one half pole-pitch from the other, where N is an integer. 

6.2.1 TWO BROKEN BARS SEPARATED BY HALF POLE-PITCH 

As has been previously shown in Chapter 2 such faults are difficult to diagnose because 

of the fault masking that takes place when two bars are separated by one half pole-pitch (90
o
 

electrical). However, as will be shown in this section these nonadjacent faults can still be 

diagnosed using secondary saturation effects that appear under such fault conditions.  

Shown in Figure 6-1 is the cross-section of the case study machine showing the locations 

of nonadjacent rotor bar breakages separated by approximately one half pole-pitch (90
o
 

electrical).  

Broken Bars (half 

pole-pitch, 90oe)

 
Figure 6-1. Cross-section of a case study 5-hp squirrel-cage induction machine showing locations of 

nonadjacent bar breakages separated by half pole-pitch, 90
o
e. 
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Depicted in Figure 6-2 are experimental results evaluated using MCSA diagnostic 

technique. Also, for the purposes of comparison shown in Figures 6-3 and 6-4 are the results for 

healthy and two adjacent bar breakage cases. From comparison of Figures 6-2 through 6-4, one 

should notice that both lower side-band (LSB) and upper side-band (USB) components at 

frequencies equal to (1±2s)f  are significantly reduced in the case of the nonadjacent fault. Hence, 

when the original MCSA approach is used to diagnose this type of fault chances of successful 

diagnosis of the machine under such nonadjacent bar breakage are significantly reduced. 

Moreover, upon careful examination of Figures 6-2 and 6-3 one should notice that in the case of 

the nonadjacent fault the lower side-band component at frequency equal to (1-2s)f , which is 

generally used as the primary fault index in the MCSA approach, corresponds to the LSB of the 

healthy machine. 
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Figure 6-2. Current frequency 

spectrum (MCSA) under 

conditions of two broken bars 

separated by half pole-pitch, 90
o
 

electrical (from Experimental 

Test). 
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Figure 6-3. Current frequency 

spectrum (MCSA) under healthy 

conditions 

(from Experimental Test). 
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Figure 6-4. Current frequency 

spectrum (MCSA) under 

conditions of two adjacent broken 

bars (from Experimental Test). 
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In Figures 6-5 through 6-7 the same experimental results are evaluated using the MFPO 

diagnostic technique. In these figures the time-domain profiles of pendulous oscillation are 

plotted over a time period equal to approximately one slip cycle, 1/sf. Again, similar to results 

obtained using original MCSA approach, in the case of a nonadjacent rotor fault, the swing angle 

fault index, ∆δ1, is significantly reduced. One should also notice that the frequency of the 

pendulous oscillation doubles in the case of the nonadjacent rotor fault.  
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Figure 6-5. Pendulous Oscillation 

time-domain profile (MFPO) 

under conditions of two broken 

bars half pole-pitch, 90
o
 electrical 

(from Experimental Test). 
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Figure 6-6. Pendulous Oscillation 

time-domain profile (MFPO) under 

healthy conditions (from 

Experimental Test). 
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Figure 6-7. Pendulous Oscillation 

time-domain profile (MFPO) 

under conditions of two adjacent 

broken bars (from Experimental 

Test). 
 

Consequently, referring back to the frequency spectrum of the MCSA approach in the case of 

nonadjacent rotor bar breakage fault one should expect detectable side-bands at frequencies equal 

to (1±4s)f. These side-band components are shown in Figure 6-8. Moreover, one should also 

notice the lack of these components in the frequency spectra of the healthy machine, Figure 6-9, 

and the machine with two adjacent bar breakages, Figure 6-10. This alludes to the fact that in the 

case when the classic LSB component at (1-2s)f  is not present one could use LSB component at 

(1-4s)f  to detect such nonadjacent faults. It should be mentioned that in the case of adjacent bar 
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breakage faults side-band components at (1±2s)f may result in other side-band components 

including side-bands at (1±4s)f. However, in the case of nonadjacent rotor faults separated by one 

half pole-pitch the (1±4s)f components appear due to secondary local rotor saturation effects 

adjacent to the location of these breakages.  
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Figure 6-8. Current frequency 

spectrum (MCSA) two broken bars 

separated by half pole-pitch, 90
o
 

electrical (from Experimental Test). 
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Figure 6-9. Current frequency 

spectrum (MCSA) under healthy 

conditions 

(from Experimental Test). 
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Figure 6-10. Current frequency 

spectrum (MCSA) under 

conditions of two adjacent broken 

bars (from Experimental Test). 
 

 

Now the results of rotor bar breakage diagnostics using the piezoelectric vibration 

method will be presented. Depicted in Figures 6-11 through 6-13 are the frequency spectra of 

vibration signals for the cases of the squirrel-cage rotor with two bar breakages separated by one 

half pole-pitch, the case with a healthy rotor, and the case of a rotor with one broken bar. 

Comparing Figures 6-11 and 6-13, one should notice a significant magnitude decrease of the 

frequency component at 2sf in the case of two bar breakages separated by a half pole-pitch. 

Moreover, from Figure 6-11 one should notice a distinct frequency component at 4sf, which can 

be used for diagnostics of such faults. 
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Figure 6-11. Spectrum of vibration signal of 5-hp induction machine under conditions of two broken bars 

separated by half pole-pitch, 90
o
 electrical (from Experimental Test). 

 

0 5 10 15 20 25 30
-70

-60

-50

-40

-30

-20

-10

0

Frequency, [Hz]

N
o

rm
a

liz
e

d
 M

a
g

n
itu

d
e

, 
[d

B
]

 
Figure 6-12. Spectrum of vibration signal of 5-hp induction machine under healthy conditions 

(from Experimental Test). 

 

0 5 10 15 20 25 30
-70

-60

-50

-40

-30

-20

-10

0

Frequency, [Hz]

N
o

rm
a

liz
e

d
 M

a
g

n
itu

d
e

, 
[d

B
]

2sf Component 

(3.6Hz, -29.49dB)

Fundamental 

Component (19.4Hz)

 
Figure 6-13. Spectrum of vibration signal of 5-hp induction machine under one broken bar conditions 

(from Experimental Test). 
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 As has been previously mentioned in this section, in the case of two bar breakages 

separated by one half pole-pitch, secondary saturation effects can be used for rotor fault 

diagnostics. In the case of a broken rotor bar, the rotor teeth immediately adjacent to the broken 

bar are subjected to higher flux densities which in turn locally affect the magnetic core 

permeability in these teeth. This results in the local saturation patterns that appear twice every slip 

cycle. Moreover, in the case of two nonadjacent bar breakages this will result in saturation 

patterns appearing four times during one slip cycle. Consequently, these patterns modulate the 

stator currents and/or produce torque pulsations, which in turn may result in consequent speed 

oscillation, and hence lead to subtle but detectable fault indices. 

6.2.2 N BROKEN BARS SEPARATED BY HALF POLE-PITCH 

In the previous section it has been shown that two broken bars separated by one half pole-

pitch, N=2, result in significant reduction of conventional fault indices. Moreover, from the 

analysis presented in the previous section one can safely conclude that in cases when N is equal to 

an even number, fault masking will take place. Here, effects of an odd number of broken bars, 

each separated by half pole-pitch, on rotor fault diagnostics will be studied. More precisely, three 

bars separated by half pole-pitch, N=3, will be considered. This situation is shown in Figure 6-14. 

 
Figure 6-14. Cross-section of a case study 5-hp squirrel-cage induction machine showing locations of 

nonadjacent bar breakages separated by half pole-pitch (90
o
e) N=3. 
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 Shown in Figure 6-15 are experimental results evaluated using MCSA diagnostic 

technique in the case when the squirrel-cage rotor has three bar breakages each separated by one 

half pole-pitch, N=3. For comparison purposes, Figure 6-16 depicts experimental results in the 

case when squirrel-cage rotor has only one broken bar. Considering Figures 6-15 and 6-16 one 

should notice that in both cases the lower side-band components at (1-2s) f are very close in 

value. More specifically, in the case of three bars each separated by half pole-pitch |LSB2sf|= -

44.27dB, whereas in the case of one broken bar |LSB2sf | = -44.7dB. Also, in the case of three 

broken bars each separated by one half pole-pitch one should notice a set of distinct side-band 

components at (1±4s) f, which hint at the possibility of presence of additional nonadjacent faults. 
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Figure 6-15. Current frequency spectrum (MCSA) 

under conditions of three broken bars separated by 

half pole-pitch, 90
o
 electrical, N=3, (from 

Experimental Test). 
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Figure 6-16. Current frequency spectrum (MCSA) 

under conditions of one broken bar (from 

Experimental Test). 
 

 

Same experimental results have been processed using MFPO diagnostic technique. The 

corresponding time-domain profiles of the pendulous oscillation are plotted in Figure 6-17 and 6-

18. One should note that in both cases the values of the swing angles are in close agreement. This 
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means that in the case of three bar breakages, N=3, separated by one half pole-pitch both 

diagnostic techniques yield fault indices corresponding to one broken bar. 
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Figure 6-17. MFPO under conditions of three 

broken bars half pole-pitch, 90
o
 electrical, N=3, 

(from Experimental Test). 
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Figure 6-18. MFPO under conditions of one broken 

bar (from Experimental Test). 

 

 

 

Depicted in Figures 6-19 and 6-20 are the frequency spectra of vibration signals obtained 

for the cases of three broken bars separated by a half pole-pitch and the one broken rotor bar. One 

should notice that in both cases magnitudes of frequency components at 2sf are in close 

agreement. Meanwhile, a distinct 4sf component is present only in the case of three bar breakages 

separated by one half pole-pitch. 
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Figure 6-19. Spectrum of vibration signal of 5-hp 

induction machine under conditions of three broken 

bars separated by half pole-pitch, 90
o
 electrical, N=3, 

(from Experimental Test). 
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Figure 6-20. Spectrum of vibration signal of 5-hp 

induction machine under one broken bar conditions 

(from Experimental Test). 

 

From analysis presented above one should notice that in the case of an odd number of 

nonadjacent bar breakages each separated by one half pole-pitch conventional fault diagnostic 

indices, such as LSB2sf and/or swing angle, ∆δ1, yield values equivalent to one broken rotor bar. 

In other words, squirrel-cage rotors subjected to such faults can be easily misdiagnosed as having 

one bar breakage. From the above presented results, one can safely conclude that in the case of  N 

equal to an odd number (3, 5, 7, …) fault indices corresponding to one rotor bar breakage will be 

produced. 

6.3 ROTOR BAR BREAKAGES SEPARATED BY ONE POLE-PITCH 

In this section simulation and experimental results for broken bars, separated by one pole-

pitch (180
o
 electrical) will be presented. Again, simulation and experimental results will be 

evaluated using the three diagnostic techniques described in the previous chapters. Similar to the 

previous section, two fault scenarios will be considered, namely, two broken bars separated by 

one pole-pitch and N broken bars separated by one pole-pitch. 

 



Chapter 6: Experimental and Simulation Results 100

6.3.1 TWO BROKEN BARS SEPARATED BY ONE POLE-PITCH 

Shown in Figure 6-21 is the cross-section of the case study 5-hp squirrel-cage induction 

machine showing the locations of nonadjacent bar breakages.  

 
Figure 6-21. Cross-section of a case study 5-hp squirrel-cage induction machine showing locations of 

nonadjacent bar breakages separated by one pole-pitch (180
o
e) N=3. 

Depicted in Figure 6-22 are the experimental results obtained for the case of two broken 

bars separated by one pole-pitch evaluated using the MCSA diagnostic technique. Also, for 

comparison purposes results for two adjacent bar breakages are plotted in Figure 6-23. 

Comparing Figures 6-22 and 6-23 one should notice that magnitudes of the lower side-band 

components at (1-2s)f are in close agreement. More specifically, in the case of two bars separated 

by one pole pitch |LSB2sf| = -38.0dB, which is in close agreement with the value obtained for the 

two adjacent bar fault |LSB2sf| = -40.05dB. 
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Figure 6-22. Current frequency spectrum (MCSA) 

under conditions of two broken bars separated by 

one pole-pitch, 180
o
 electrical (from Experimental 

Test). 
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Figure 6-23. Current frequency spectrum (MCSA) 

under conditions of two adjacent broken bars (from 

Experimental Test). 
 

Results obtained using MCSA diagnostic technique have been verified using the MFPO 

approach. Depicted in Figures 6-24 and 6-25 are the pendulous oscillation time-domain profiles 

corresponding to the two fault scenarios. Again, one should notice a very close agreement 

between the swing angle values. This indicates that such nonadjacent faults yield fault indices 

(LSB2sf, ∆δ1) corresponding to the adjacent faults with the same number of bar breakages. 
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Figure 6-24. MFPO under conditions of three 

broken bars one pole-pitch, 180
o
 electrical (from 

Experimental Test). 

1 1.1 1.2 1.3 1.4 1.5
315

316

317

318

319

320

321

322

323

324

325

Time, [s]

P
e
n
d
u
lo

u
s
 O

s
c
ill

a
ti
o
n
, 

[d
e
g
.]

 

 

 
Figure 6-25. MFPO under conditions of two 

adjacent broken bars (from Experimental Test). 
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6.3.2 N BROKEN BARS SEPARATED BY ONE POLE-PITCH 

In the previous section it has been shown that in the case of two nonadjacent rotor bar 

breakage faults separated by one pole-pitch (180
o
 electrical) the fault indices (LSB2sf, ∆δ1) 

corresponding to two adjacent bar breakages will be produced. In this section these results will be 

extended to show that in cases when N nonadjacent bar breakages are separated by one pole-pitch 

fault indices corresponding to N adjacent bar breakages will be produced. It should be mentioned 

that in this section only MEC simulation results will be presented. 

Shown in Figures 6-26 and 6-27 are the spectra of three nonadjacent and adjacent bar 

breakages. Similar to the previous section, one should note a good agreement between the values 

of LSB2sf in both cases. The same simulation results are evaluated using the MFPO approach in 

Figures 6-28 and 6-29. Again, from the MFPO results one should note that in both cases fault 

indices are in close agreement. From this data one can safely conclude that in the case of N 

nonadjacent bar breakages each separated from the other by one pole-pitch fault indices 

corresponding to the adjacent broken bar fault will be produced. Hence, no difficulty associated 

with diagnosis of the specific number of broken bars in such faults should arise. 

In summary, the experimental and simulation results of the various nonadjacent bar 

breakage patterns have been presented. It has been shown that difficulties may arise when 

nonadjacent faults separated by half pole-pitch are diagnosed using conventional diagnostics 

approaches. It has also been shown that secondary saturation effects that appear during such 

faults can be utilized for diagnostics purposes. On the other hand, it has been verified that in the 

case of bar breakages separated by a complete pole-pitch, fault indices corresponding to the 

adjacent fault are produced. 
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Figure 6-26. Current frequency spectrum (MCSA) 

under conditions of three broken bars separated by 

one pole-pitch, 180
o
 electrical, N=3, (from MEC 

Simulation). 
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Figure 6-27. Current frequency spectrum (MCSA) 

under conditions of three adjacent broken bars 

(from MEC Simulation). 
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Figure 6-28. MFPO under conditions of three 

broken bars one pole-pitch, 180
o
 electrical, N=3, 

(from MEC Simulation). 
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Figure 6-29. MFPO under conditions of three 

adjacent broken bars (from MEC Simulation). 
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CHAPTER 7: CONCLUSIONS 

7.1 SUMMARY AND CONCLUSIONS 

N this thesis, faults associated with squirrel-cage rotor structures of induction 

machines have been considered. More specifically, effects of adjacent and 

nonadjacent bar breakages on rotor fault diagnostics in squirrel-cage induction machines have 

been studied. It has been shown that nonadjacent bar breakages separated by half a pole-pitch 

(90
o
 electrical) result in masking of the commonly used fault indices, hence, leading to possible 

misdiagnosis of the machine. This masking problem has been addressed and partially solved in 

this work. Namely, it has been shown that secondary saturation effects resulting from such 

nonadjacent bar breakages manifest themselves in side-band frequency components at (1±4s)f  in 

the frequency spectrum of motor currents, and 4sf frequency components of the magnetic field 

pendulous oscillation, and vibration/torque. Hence, these secondary saturation effects can be 

utilized for diagnostics of such faults. At the present moment no statistical data showing the 

frequency of occurrence of such nonadjacent rotor failures exists. However, one can identify 

some squirrel-cage designs that may be more prone to such nonadjacent failures. Squirrel-cage 

rotor structures with a low number of rotor bars per pole, such as the one studied in this thesis, 

may be at higher risk of being misdiagnosed. 

I 
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 The magnetic equivalent circuit model has been implemented in order to study such 

nonadjacent bar breakages. This modeling approach has been effectively utilized due to its fast 

execution time and relatively good accuracy. Again, it has been shown that adjacent rotor bar 

breakages manifest themselves mainly through oscillation of the rotor mmf, which in turn 

produces the detectable magnetic field disturbance.  

The suitability of application of a simple piezoelectric vibration sensor to motor fault 

diagnostics has been studied. It has been shown that such piezoelectric sensors can be utilized for 

rotor fault diagnostics. The vibration signal obtained using a PVDF piezoelectric vibration sensor 

can be used for fault diagnostics as well as for speed estimation purposes. Moreover, piezoelectric 

type vibration sensors provide excellent sensitivity and high bandwidth. These properties of 

piezoelectric vibration sensors can be utilized for diagnostics of faults in other machine 

components such as: stator winding, motor and load bearings, etc. 

7.2 RECOMMENDATIONS FOR FUTURE WORK 

In this work, a number of nonadjacent rotor failures have been studied. It has been shown 

that some nonadjacent squirrel-cage rotor failures may be masked, and hence go undetected when 

conventional diagnostic indices are used. Accordingly, such nonadjacent rotor faults need to be 

considered further in the development of an effective induction motor diagnostics 

software/hardware product. It has been shown that piezoelectric vibration sensors can be utilized 

for diagnostics of both adjacent and nonadjacent squirrel-cage rotor failures. The possibility of 

application of such sensors to diagnostics of other machine components, such as stator winding 

short circuits, defects in motor and load bearings, etc., needs to be addressed further in future 

work in the fault identification and diagnostics area.   
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APPENDIX: MEC PARAMETER CALCULATION 

A.1 RESISTANCES 

Stator phase resistance, rs, can be calculated based on the knowledge of the cross-section, 

length, and resistivity of the type of wire used in a stator winding. For this case study motor the 

stator phase resistance has been calculated as follows: 

Ω/phase 342.1
/

=









=

wire

phasewire

Cus
A

L
r ρ   (A.1) 

Considering a simplified rotor slot cross-section of Figure A-1 the dc rotor bar resistance can be 

estimated as shown in (A.2). Similarly, the resistance of the part of the end ring connecting two 

bars can be estimated as given in (A.3): 

 

Figure A-1. Rotor slot cross-section. 
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µΩ 1.57
21
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
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L
r Aler ρ     (A.3) 

where, A1 and A2 are defined in Figure A-1, Lbar, is the axial length of the bar, ρAl, is the resistivity 

of aluminum, while A and L are the cross-sectional area of the end-ring and the length between 

the adjacent bars, respectively. It should be noted that resistivity values of copper and aluminum 

used in the above calculations are based on the measurements at room temperature of 25
o
C. 

A.2 RELUCTANCES/PERMEANCES 

Based on Figure A-2 it should be noticed that the air gap permeance is a function of the 

rotor and stator teeth overlap area, which in turn is a function of rotor position. Hence, the air gap 

permeance of a pair of stator and rotor teeth can be modeled as shown in Figure A-3. As has been 

shown in [68] in a real situation the air gap permeance is a smoother function of the rotor position 

angle than the one shown in A-3 because of the fringing flux that exists between a pair of stator 

and rotor teeth. This can also be explained by the fact that mmf is not constant along the length of 

the tooth tip. 

 
Figure A-2. Stator and rotor teeth relative position and overlap area. 
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Figure A-3. Air gap permeance for a pair of stator and rotor teeth. 

This smoothing effect can be approximated by taking only the first two terms of the Fourier 

serried in 
n) (m,AGP  and is depicted in A-4. 

Rθ

n) (m,AGP

MAXAGP

1 2 3 4 1

π20

 

Figure A-4. Smoothed air gap permeance for a pair of stator and rotor teeth. 

It should also be mentioned that the skewing effect can be modeled by including it in the air gap 

permeance function as has been done in [68]. 

Based on the simplified cross-section of a stator slot depicted in Figure A-5 one can 

redraw stator teeth as shown in Figure A-6. 
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Figure A-5. Stator slot with dimensions. 

1ℜ

2ℜ

3ℜ

YOKEP

TANPTANP

YOKEP

 

Figure A-6. Stator tooth with various reluctances and permeances. 
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From A-6 it should be observed that the stator core consists of permeances of two shapes. Stator 

backiron/yoke permeances, YOKEP , tangential leakages, TANP , and the reluctance of top teeth 

sections, 1ℜ , can be approximated by rectangular blocks depicted in Figure A-7. Meanwhile, the 

stator teeth sections 2ℜ  and 3ℜ  can be approximated by trapezoidal blocks shown in A-8. 

 

Φ

 

Figure A-7. Rectangular permeance block. 

 

L

h

Φ

w1

w2

 

Figure A-8. Trapezoidal permeance block. 

Permeance of the rectangular blocks shown in A-7 can be calculated using (A.4) 









=

L

wh
P Roµµ    (A.4) 
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Reluctances of the regions approximated by trapezoidal shapes can be calculated using the 

following: 

( ) 







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







−
=ℜ

1

2

12 w

w
ln

wwL

h1

Roµµ
  (A.5). 

The parameters of the case-study 5-hp squirrel cage induction machine used in this investigation 

and associated model are summarized in table T-A-1. It should be noted that if saturation of the 

magnetic material does not need to be considered, the value of relative permeability, µR, in linear 

region of the B-H curve can be used for parameter calculation. For this machine this value has 

been approximated as 11000=
LINRµ . 

 

  STATOR ROTOR 

STATOR RESISTANCE, rs, [Ω/phase] 1.342  

ROTOR DC BAR RESISTANCE, rdc, [µΩ]  57.1 

ROTOR END RING RESISTANCE, rer, [µΩ]  3.2 

TOOTH RELUCTANCE, ℜ , [H-1] (2.70787×107)/µR (2.689137×107)/µR 

TANGENTIAL LEAKAGE PERMEANCE, TANP , [H] 4.44×10-7 2.7×10-7 

YOKE PERMEANCE, YOKEP , [H] µR (1.266×10-3) µR (1.2×10-2) 

T-A-1. MEC model parameters of the 5-hp induction motor. 

 

 

 

 


