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ABSTRACT
A magnetic levitation (maglev) system is inherently nonlin-

ear and open-loop unstable because of the nature of magnetic
force. Most controllers for maglev systems are designed based on
a nominal linearized model. System variations and uncertainties
are not accommodated. The controllers are generally designed
to satisfy gain and phase margin specifications, which may not
guarantee a bound on the sensitivity. To address these issues, this
paper proposes a robust control design method based on Quan-
titative Feedback Theory (QFT) applied to a single degree-of-
freedom (DOF) maglev system. The controller is designed to
successfully meet the stability requirement, robustness specifi-
cations, and bounds on the sensitivity. Experiments verify that
the controller maintains stable levitation even with 100% load
variation. Experiments prove that it guarantees the transient re-
sponse design requirements even with 100% load change and
39% model uncertainties. The QFT control design method dis-
cussed in this paper can be applied to other open-loop unstable
systems as well as systems with large uncertainties and varia-
tions to improve system robustness.

I. INTRODUCTION
Magnetic levitation (maglev) technology is used in high-

speed transportation systems, frictionless bearing systems, vibra-
tion isolation systems, and photolithography systems [1]. Sys-
tems using maglev technology have many advantages over their
counterparts using traditional mechanical parts. In high-speed
maglev train systems and magnetic bearing systems, non-contact

electromagnetic forces are utilized to constrain the motions of the
moving components. There is no physical contact between dy-
namic and static components, and therefore no friction, abrasion,
or noise [2–5]. In vibration isolation systems, electromagnetic
forces can be tuned according to the displacements of the posi-
tioning stages, providing a controllable non-contact stiffness [6].
Maglev technology is also utilized to improve the accuracy of
fine motion control systems. In photolithography, it allows for
a relatively large motion range at low cost, in comparison to the
conventional mechanical actuators [7].

Although maglev systems are seen in many applications,
their controllers are not designed to deal with large system vari-
ations. Conventional control design methods usually involve lin-
earizing system nonlinearities and then designing controllers for
the linearized model [8–12]. Maglev systems are able to achieve
levitation with controllers designed using these approaches, but
they require the levitated objects to stay in the vicinity of the lin-
earized point. If the systems experience parameter changes, the
unmodeled nonlinearities drive the systems away from the lin-
earized point, and eventually the systems become unstable. In
reality, system parameter changes are common. Two examples
of changes in the levitated load are: (1) a magnetic bearing expe-
riences a working load change on the rotor during operation, and
(2) a maglev train has different load conditions as the number of
passengers varies.

The challenge of dealing with system parameter changes can
be solved by improving the system robustness. Many robust con-
trollers have been proposed. Yang et al. [13] reported a backstep-
ping design method for a nonlinear controller. In their research,
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a disturbance observer was introduced to suppress the uncertain-
ties. A high-gain observer was also included to estimate the im-
measurable state of the system. Vagia [14] reported a robust PID
controller coupled with a feedforward compensator. In this re-
search, the system was linearized at multiple operating points,
and the feedforward compensator was utilized to provide nomi-
nal bias voltage, and the PID controller had multiple gains associ-
ated with multiple operating points. Shan [15] presented two dis-
turbance rejection algorithms to improve the dynamic stiffness of
a magnetic-suspension stage. This study suggested using an in-
ternal model principle-based control together with a frequency
estimator based on adaptive-notch filtering to reject narrow-band
disturbances with unknown frequencies. Satoh et al. [16] pro-
posed a control Lyapunov function based robust nonlinear adap-
tive controller. Their controller consisted of a pre-feedback com-
pensator with an adaptive control mechanism and a robust stabi-
lizing controller. In his doctoral dissertation, Green [17] studied
adaptive backstepping control (ABC) and feedback linearization
control (FLC) for a single DOF maglev system. Green concluded
that ABC control was superior to FLC in terms of system robust-
ness. The above-mentioned researchers all focused on designing
systems to meet the classical measurement of robustness, i.e.,
gain and phase margin. However, as Yaniv and Nagurka [18]
discussed, although a controller can be designed to meet the gain
and phase margin specifications, it might fail to guarantee a rea-
sonable bound on the sensitivity.

To address robustness issues and guarantee bounds on sen-
sitivity, this paper presents a control design approach with Quan-
titative Feedback Theory (QFT) for maglev systems. QFT is a
robust control design method introduced by Horowitz [19]. It
has the unique characteristics of designing controllers for sys-
tems with large changes (due to parameter variations or model
uncertainties) that satisfy gain margin specifications and bounds
on the sensitivity. In this study, a PID type controller is devel-
oped using QFT. Yaniv and Nagurka [18] proved that PID type
controllers can be designed to guarantee gain and phase margin
specifications and sensitivity constraints for a set of plants. This
research models a single DOF maglev system with large parame-
ter changes as a set of plants, and demonstrates the control design
process following the steps proposed by Yaniv [20]. Experiments
are conducted to verify that the QFT controller meets the design
goals.

The paper is organized as follows. Section II presents the
system model of the maglev system and the control design goals.
In Section III a single DOF controller is designed for the maglev
system to meet the design requirements following the procedure
suggested by Yaniv [20]. Section IV describes the experimental
tests and results. Section V presents the conclusions.

II. Single DOF Maglev System Model and Control De-
sign Goals

The single DOF maglev device used in this research, shown
in Fig. 1, consists of an electromagnet bolted to an aluminum
frame. When a current passes through the electromagnet, the
electromagnetic force will pull a ferrous object (in this case, a
steel ball) up. An infrared emitter and detector pair is used to
measure the gap distance between the ball and the electromagnet.

FIGURE 1. MAGLEV APPARATUS

A controller is needed to control the magnitude of the elec-
tromagnetic force according to the gap distance to counterbal-
ance gravity and levitate the ball. The electromagnetic force is
used to manipulate the vertical position of the ball. The system
is viewed as a single DOF system. Other DOF’s of the ball are
neglected in this research.

Fig. 2 shows a schematic of the electromagnet and the ball,
where V is the voltage across the electromagnet; i is the current
passing through the electromagnet; R and L are the resistance and
inductance of the electromagnet, respectively; m is the mass of
the ball; x is the gap distance between the electromagnet and the
ball; F is the electromagnetic force acting on the ball.

The magnitude of the attractive force F between the elec-
tromagnet and the ball has been modeled by Woodson and
Melcher [21] as a function of current i and gap distance x:

F(i,x)∼= K1

(
i

K2 + x

)2

(1)

where constants K1 and K2 are force and distance constants, re-
spectively, characterized by the geometry of the electromagnet
and construction of the apparatus, and determined experimen-
tally.
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FIGURE 2. SCHEMATIC OF ELECTROMAGNET AND BALL

Given the function of the electromagnetic force in Eqn. (1),
the open loop transfer function of the maglev system can be cal-
culated, as shown in [22]. The transfer function between the in-
put (the control current) and the output (the gap distance) is:

X(s)
I(s)

=
−ki

s2− kx
(2)

where ki and kx are parameters determined by the current and gap
distance at the linearized point. The transfer function has a pair
of real poles at ±

√
kx, as is shown in Eqn. (2). The plant is open

loop unstable because of the positive real pole. The first design
goal of the controller is to compensate the positive real pole and
enable the maglev system to achieve a stable levitation.

The values of the system parameters, ki, kx, K1, and K2,
are measured experimentally in this research. Table 1 shows
the values of the model parameters and uncertainties measured
at one linearized point (x0 = (5.3±0.2) × 10−3m and i0 =
(0.289±0.0005)A).

In control designs reported previously in the literature, ki
and kx are assumed to be constants. This assumption is incorrect
if either the gap distance or the levitated loading is changed. To
demonstrate the variation of the values of ki and kx, an 8.3 g ball
is levitated, then the gap distance is changed from x0 = 1.35 mm
to x0 = 5.00 mm, and ki and kx are experimentally measured. It is
found that the values of ki and kx vary within two sets of values.

ki ∈
[
4.72×10−1, 7.37×10−1] (3)

and

kx ∈ [39.1, 79.4] (4)

If the maglev system is designed to operate at a gap distance
x0 = 3.8 mm, the measured values are ki = 5.91×10−1 m/A-s2

TABLE 1. MODEL PARAMETERS AND VALUES

Model Parameter Measured Values Unit

m (8.3±0.05)×10−3 kg

x0 (5.3±0.2)×10−3 m

R 31.08±0.005 Ω

i0 0.289±0.0005 A

K1 1.08±10−5 N-s2

A2

K2 8.86±10−6 m

kx 3270 m
s3

ki 67.89 m
A-s2

and kx = 64.2 m/s3. Compared to the values in Eqns. (3) and (4),
it is found that the value of ki has 24.7% uncertainty and the value
of kx has 39.1% uncertainty. Additionally, when ki and kx are de-
rived as done in [22], the levitated mass m was assumed to be a
constant. Since both ki and kx have m in their expressions, the
uncertainties associated with their values will change if m varies.
The second design goal of the controller is to accommodate the
uncertainties and variations in the plant. In summary, the de-
signed controller should guarantee: (1) stability, which means
the maglev system is able to levitate the ball, and (2) robustness,
which means the maglev system is able to deal with the model
uncertainties and load change (in this case, any change in the
levitated mass m).

III. QFT Control Design
This section details the design of a QFT controller for the

maglev system plant found in Section II, shown in Eqn. (2). The
parameter variations are shown in Eqns. (3) and (4). The nomi-
nal plant is chosen as the model found when gap distance x0 =
3.8 mm (where ki = 5.91× 10−1 m/A-s2 and kx = 64.2 m/s3),
without any uncertainties included. The system performance
specifications are chosen as suggested in references [17,23]. For
this research, the chosen stability margins and tracking specifi-
cations are listed below.

1. Stability margins: Gain margin ≥ 5.5 dB, phase margin ≥
45 deg.

2. Tracking specifications: 90% rise time tr ∈ [0.1, 0.5] s, over-
shooting Mp ≤ 15%, and steady state error ess ≤ 5%.

To begin the QFT control design, the templates for the con-
trol plant must be calculated. Templates, as stated in refer-
ence [20], are
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...the sets of all complex numbers for a given set of
transfer functions, evaluated at a given frequency...

Reflected on the plot, the plant templates were determined by
plotting the frequency response of every possible combination of
the uncertain parameter values and then finding the boundaries of
these responses. The templates are built with the plants that cover
the range of parameter uncertainties. As suggested in [17] this
maglev system was designed to operate at control signal frequen-
cies less than 15 Hz. However, research on the apparatus found
that the infrared sensor noise had a natural frequency of 22 Hz
[22]. To avoid resonance of the sensor’s noise, the highest control
signal frequency was limited to 10 Hz, which is 62.8 rad/s. Five
frequencies are used in this design: ω = 0.1,0.5,3,15,60 rad/s.
The templates obtained at these frequencies are plotted in Fig. 3.

FIGURE 3. MAGLEV SYSTEM PLANT TEMPLATES

The model uncertainties have been accommodated by the
plant templates. The next step is to design for the command fol-
lowing ability, or “tracking” of the system. It guarantees the sys-
tem responses to the command signal be the same despite the
system changes (such as changes in the operating point). The
tracking models are determined using specifications discussed at
the beginning of this section, with 90% rise time between 0.1
and 0.5 s and overshoot less than 20%. Using these criteria, the
transfer function for the upper bound TU and lower bound TL are
calculated to be:

TU =
0.6944

s2 +0.7599s+0.6944
(5)

and

TL =
1.25

s2 + s+0.25
(6)

It is a common approach to reshape bounds to relax the con-
straints on the higher frequencies. This will help the design of
pre-filter since the relaxed constraints allow simpler pre-filter
forms. To reshape the bounds, zeros and poles are placed into
the upper bound and the lower bound transfer functions, respec-
tively. The reshaping process has no influence on the response
curve, only shifting the upper and lower bounds on the Bode
magnitude plot. Fig. 4 shows the Bode magnitude plot for the
original model bounds and the “reshaped” model bounds.

FIGURE 4. BODE MAGNITUDE PLOT OF BOUNDS

The stability margin is determined based on the desired gain
margin and phase margin for all plants in the set {P}. As shown
in [20] the stability margin can be calculated using Eqns. 7 and 8.

GM = 20log
(

1+
1

SM

)
(7)

and

PM = 180− cos−1
(

0.1
SM2 −1

)
(8)

The bounds and stability margins for chosen frequencies are
plotted on a Nichols chart for each frequency value using the
MATLAB R© QFT toolbox, as is shown in Fig. 5.

Using these bounds, the nominal loop transfer function L0
should pass below and to the right of the oval bounds (stability
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FIGURE 5. BOUNDS ON A NICHOLS CHART

bounds) and should lie above the line bounds (tracking bounds)
at the specific frequencies [20]. To meet these requirements,
poles and zeros are combined to shift L0 on the Nichols chart.
One controller that ensures that the loop transfer function meets
the specifications is found to be:

G(s) =
50.33

( s
7.10 +1

)( s
18.49 −1

)( s
105.67 +1

) (9)

Controller G(s) in Eqn. (9) guarantees the system steady-
state response meets the design specifications. In order to guar-
antee the transient response of the system also meets the design
requirements, a pre-filter should be added to the system. The
pre-filter shapes the loop transfer function on the Bode magni-
tude plot by adding poles and zeros to the system transfer func-
tion. Once the response curves are inside the region between the
upper and lower bounds, the transient response requirements are
met. In this research, the pre-filter is found to be:

F(s) =
(

1
s

50.4 +1

)( s
11.91 +1

s
25.17 +1

)
(10)

To validate the controller and the pre-filter, the step input re-
sponse curves of a set of uncertain plants are plotted in Fig. 6. It
is shown that the system has already met all the design specifica-
tions. Further experimental evaluation of the system is described
in Section IV.

IV. Experimental Validation
The evaluation of the performance of the maglev system

with a QFT controller includes two experiments. One verifies

FIGURE 6. CONTROLLER SIMULATION

the stability requirements have been met. In this experiment, a
steel ball with a mass of 8.3 g (which is the mass used in the
nominal control plant) is steadily levitated. A position change
command increases the gap distance by 1 mm at t = 1 s. Fig. 7 is
the gap distance variation after the position command is issued.
It is shown that at t = 3 s, the ball reaches steady state at the new
position. In other words, the system stability requirement has
been met.

FIGURE 7. STEP RESPONSE OF 8.3 GRAM BALL TRACKING
POSITION COMMAND

A second experiment validates that the system has met the
designed robust specifications. The levitation load change is
tested by using steel balls with different masses. It is desired
that the system response will meet all the design specifications
despite the load variation and system uncertainties. This exper-
iment uses a step function in the position command to validate
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system tracking ability, and the system responses are recorded.
Two steel balls, one 8.3 g and the other 16 g, are steadily levi-
tated before the step position change commands. Figs. 8 and 9
show the response curves of cases with the different loads. The
response curves show that:

1. Overshoot is increased about 30% in the case where the 16 g
mass is levitated;

2. The rise times for the two load cases are about 0.3 s;
3. The settling time for the positions to reach 10% of their final

values are about 2.5 s.

Besides the overshoot, the rise time and settling time of the ma-
glev system are almost identical despite the load variations. The
second experiment proves the designed QFT controller is robust
enough to deal with a variation of almost twice as much as the
designed loading. The specifications for the system robustness
are successfully met.

FIGURE 8. STEP RESPONSE OF 8.3 GRAM BALL TRACKING
POSITION COMMAND

FIGURE 9. STEP RESPONSE OF 16 GRAM BALL TRACKING
POSITION COMMAND

V. CONCLUSION
This paper presents a robust control design method based

on QFT. Implemented on the single DOF maglev system stud-
ied in this research, the QFT controller successfully performs in
dealing with a levitation load change up to 100% and accom-
modates parameter uncertainties up to 39%. The system per-
formance specifications are all met despite the system changes
and uncertainties. Based on the results presented in this paper,
the QFT controller is able to guarantee stability and robust re-
quirements for maglev system. The same design process can be
applied to the other systems to improve system robustness [24].
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